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ABSTRACT 
The shakedown deformation of a gravity type offshore founda-
tion subjected to dynamic cyclic wave loading is determined 
based on the two dimensional finite element formulation of a 
fluid saturated porous medium. The soil is assumed to be-
• 
have in an undrained manner and modelled as a two-phase 
material. The undrained characteristics of the soil leads 
the Poisson's ratio to be one-half and thus results in a 
singular stiffness matrix. The reduced integration tech-
nique is used in order to circumvent the problem. The 
dynamic shakedown load factor is ~btained by first com-
puting the elastodynamic response of the caisson-foundation 
(saturated) medium for some adjusted initial conditions 
(e.g. displacement and velocity) and then solving a linear 
programming problem based on the dual form of kinematic 
shakedown theory. 
A finite element computer code OPFA (Offshore Platform 
foundation Analysis) is developed which computes the dy-
namic shakedown load factor of a gravity type offshore 
foundation and then determines the response quantities such 
as displacements and stresses in the saturated soil medium. 
The nonlinear stress-strain characteristics of the soil 
medium is considered in the analysis by use of an equiva-
lent linear and an elastic-perfectly plastic model. 
ll 
several problems are solved in order to check the accuracy 
of the computer programme. The results are in excellent 
agreement with the available analytical solutions. The 
shakedown analysis for a flexible foundation shows - that 
limit pressures depend on the inclination angle and the 
eccentricity of the load. The shakedown limit pressure de-
I 
creases as the eccentricity and the angle of inclination of 
the load increase. Also, shakedown analyses indicate that 
the footing pressures are below those predicted by the 
approximate bearing capacity formula. These shakedown pres-
sures are obtained from an upper bound solution and there-
fore the use of the above formula will not produce a conser-
vative estimate of the bearing capacity of the foundation 
when the loading is cyclic in nature. 
The dynamic shakedown load factor for the gravity 
foundation is only 10% lower than its static counterpart. 
The reason for the decrease of this load factor is due to 
the amplification of stresses under dynamic loading con-
dition. In computing the response quantities for three 
different soil models, it is observed that the equivalent 
linear analysis predicts lower deformation as opposed to 
other linear and nonlinear models. However, for the quasi-
static analysis of the gravity foundation, the permanent 
vertical shakedown deformation is within 0.085% of the foot-
ing width. In all cases it is observed that shakedown 
occurs with respect to the deformation of the foundation. 
lll 
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1.0 Nature of the Problem 
The continuous de~and for oil and gas has challenged 
ocean engineers to undertake the design and con-
struction of large gravity type offshore structures 
in hostile ocean environments. The gravity type 
offshore structure has an obvious advantage over 
the steel jacket type platform because of its 
shorter installation time and ability to provide 
the oil storage facilities in its cellular compart-
ments. The large magnitude of wave forces which 
are transmitted by the structure to the surrounding 
soil cannot be compared with a similar land based 
structure. As the platforms are being installed in 
deeper water, the complexity of the problem has 
increased enormously. Conventional methods of 
analyses are no longer applicable and new techniques 
need to be developed for complete dynamic 
analysis of the structure-foundation system. 
A typical offshore gravity structure will always 
encounter two situations: a) calm water condition 
and b) storm condition. During the passage of 
1 
large waves~ the net force on the structure will 
vary and reach its maximum value as the wave crest 
strikes the structure. Fig. 1.1 depicts the 
principal forces that will act upon the structure 
as the wave passes. It is seen from Fig. 1. 1, that 
the structure is subjected to the cyclic nature of 
loading, which i~ turn will generate cyclic stresses 
in the foundation soil. The duration of this cyclic 
loading can be for several hours with a relatively 
low frequency range of about 0.05 - 0.5 Hz. The 
dynamic nature of the wave forces on the foundation 
causes great concern in the geotechnical design 
aspect and therefore requires the development of a 
reliable method for the analysis of offshore 
structure-foundation problems. 
The soil behaviour beneath the foundation of an 
offshore structure subjected to dynamic cyclic 
loading may be separated into a short-term un-
drained condition with no drainage allowed and a 
long-term condition in which drainage occurs. In 
the undrained short term condition, the excess pore 
pressure leads to either a reduction or an increase 
of 'effective stress' with accompanying reduction 
or increase in soil stiffness and strength. For 
the platform this means an increase or decrease in 
the natural period of vibration. The magnitude of 
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FIG. 1.1 CYCLIC LOADING ON THE FOUNDATION OF A GRAVITY TYPE OFFSHORE STRUCTURE 
DUE TO WAVE ACTION ( STUBBS, 1976) 
changes in 'effective stresses' due to the change 
in average pore pressure (increase/decrease) will 
depend on the rate of dissipation of pore water. 
It is seen from the above argument that the 
'effective stress' is responsible for all major 
deformations, linear or nonlinear, and failure 
states can only be adequately modelled in terms of 
such 'effective streess'. It has been shown that 
the soil properties, in particular the stiffness, 
are among the most important factors influencing 
the dynamic behaviour of typical offshore gravity 
platforms. 
For foundations subjected to loads varying in time 
in a nonproportional manner within prescribed 
limits, the classical limit theorems can give 
unsafe estimates of the collapse load, as failure 
can occur at loads well below the static collapse 
values. Shakedown theorems, which are general-
izations of the limit theorems, can provide 
appropriate safe bounds for such complex loading 
programmes. For load reversal varying between 
prescribed limits, a foundation is said to 
shakedown when a state is reached such that all 
subsequent load applications produce only elastic 
changes. In recent years, very few attempts have 
been made to find practical solutions to the 
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shakedown problem related to marine foundations 
resting on saturated soils. As the nonlinear 
dynamic response analysis of an offshore foundation 
to wave loading can only be carried out for a very 
limited number of cycles due to constraints on 
computing costs, the shakedown analysis becomes 
more practical and relevant to the overall design 
process. 
Research in the field of earthquake engineering has 
shown that the soil deformation can vary from small 
to very large amplitude depending on the nature of 
the dynamic loading. Cyclic loading due to wave 
causes permanent deformation and thus strain under 
both drained and undrained conditions. The perm-
anent strains are cumulative in nature i.e. carried 
over from one cycle to another and remain even if 
the cyclic loading has been terminated. 
In predicting the permanent deformation of an 
offshore foundation system, one has to incorporate 
the appropriate soil model in a finite element 
analysis. Current research in soil stress-strain 
relationship is progressing towards the development 
of a three dimensional soil model based on the 
principles of plasticity as well as linear or non-
linear elasticity. Several sophisticated constitutive 
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relationships have been proposed in recent years 
although none of them completely describe the 
behaviour of real soil. 
1.2 Object of the Research 
The complete dynamic response analysis of an off-
shore gravity foundation-soil system with the evalu-
ation of the shakedown limit load which will further 
enable prediction of the permanent deformation of 
the foundation is beyond the present state-of-the-art. 
The object of this research is to develop an analyt-
ical method for the prediction of the permanent 
deformation of an offshore foundation with partic-
ular reference to soil shakedown. A dynamic finite 
element formulation of the shakedown problem is 
presented for a fluid saturated porous medium. 
1.3 Organization of the Thesis 
Chaper 2 reviews the literatures related to the 
present investigation. These are described under 
three sections: 1) fluid saturated porous medium 2) 
constitutive modelling of soil and 3) shakedown 
analysis related to structural mechanics and 
geomechanics. 
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Chapter 3 presents the general dynamic finite 
element formulation of a saturated soil medium in 
which the soil is modelled as a two-phase material. 
The undrained characteristics of the soil lead the 
Poisson's ratio to be one-half and thus results in a 
singular stiffness matrix. The reduced integration 
technique is used in order to circumvent the problem. 
The two types of problems e.g. a strip footing and a 
cantilever beam are chosen as test cases in order to 
check the computer programme based on the present 
formulation. 
Chapter 4 presents the shakedown formulation of the 
offshore foundation problem under cyclic loading 
conditions . Basic background on shakedown related 
theorems lS presented in the first part whereas 
the finite element formulation of the dynamic 
shakedown problem is described in the second part. 
Typical boundary value problems are solved in order 
to validate the especially developed computer code. 
Chapter 5 describes the various types of soil 
models. The general formulations for the 
equivalent linearized soil model and the 
incremental nonlinear elastic-plastic model are 
presented. Finally the chapter concludes with the 
computation of the shakedown displacement of a 
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strip footing under repeated vertical loading 
condition. 
Chapter 6 describes the series of engineering 
problems where the accumulation of permanent 
displacements are studied. Three types of analyses 
are carried out. • The first analysis presents the 
elastic and shakedown limit loads ofa flexible 
foundation and the effects of the load eccentricity 
and the angle of load inclination on these limit 
loads. The second analysis presents the permanent 
deformation of a gravity type offshore foundation 
considering the static soil shakedown. In the 
third analysis, the dynamic shakedown load factor 
is first determined and the responses are then 
computed for various types of soil models. In 
the second and third analyses, the effect of the 
caisson structure is taken into account by modelling 
it as a stiff footing. 
Chapter 7 reviews the results of the research and 
recommends possible extensions of the present work. 
Appendix A presents the proofs of the shakedown 
theorems. Appendix B summarizes the intermediate 
steps in deriving the elastic-plastic constitutive 
matrix based on the formulation presented in 
8 
Chapter 5. Appendices C and D describe the 
computer code OPFA (Offshore Platform Foundation 
Analysis) in a detailed manner together with the 
preparation of input data. Appendix E in Vol. II 




REVIEW OF LITERATURE 
2.1 Introduction 
,t 
This chapter reviews the literature related to the 
present investigation. For convenience, the 
reviews are divided in three sections. These are 
a) fluid saturated porous media b) constitutive 
modelling of soil medium and c) shakedown analysis 
with particular reference to structural mechanics 
and geomechanics. 
2.2 Fluid-saturated Porous Media 
A systematic development of the mechanics of 
deformation of fluid saturated (fully) porous 
solids was presented by Biot (1941, 1955, 1956a, 
1956b, 1956c, 1962). The basic concept in the 
development of the theory was to treat the 
saturated soil as a two-phase media with a matrix 
of solid particles (the soil skeleton) and the 
water filling the space not occupied by the solids 
(pore fluid). Biot's theory was based on pure 
mechanical considerations. Later Green and Naghdi 
(1965) established the formal basis of the dynamic 
10 
theory of mixtures from which Green and Steel 
(1966) formulated a theory of poroelasticity. 
Oereshewicz and Skalak (1963) have shown the 
uniqueness in dynamic poroelasticity using 
Neumann•s uniqueness theorem of classical 
elasticity to liquid-saturated porous solids within 
the framework of S.iot•s theory. Recently 
Firoozbakhsh (1976} presented a unified treatment 
of the mechanics of deformation of a nondissipative 
liquid-filled saturated porous elastic medium based 
on Mindlin•s work of microstructure in linear 
elasticity. Crochet and Naghdi (1966) developed 
the theoretical basis for the constitutive theory 
for flow of fluid through an elastic solid. 
Since 1960. finite element approximations in 
conjunction with appropriate variational principles 
have shown great potential for the solution of the 
initial boundary value problems in different 
branches of engineering. Sandhu and Wilson {1969} 
developed a finite element scheme for theoretical 
field equations of fluid flow in saturated porous 
elastic medium based on Biot•s theory using Gurtin•s 
(1964) variational principle. The constitutive 
equation used for the solid phase was based on an 
elastic. isotropic. linear material behaviour. 
Later. Ghaboussi and Wilson (1972) extended the 
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quasistatic formulation of Sandhu and Wilson (1969) 
to the dynamic problem. 
Finite element formulation of the wave propagation 
problem using Biot's field equations for dynamical 
condition was carried out by Melian and Brebbia 
(1972). Biot's equations were reformulated follow-
ing a Galerkin type formulation to discretize the 
governing differential equations of motion. Taga 
and Togashi (1975, 1977) studied the similar wave 
propagation problem based on the Hamilton's Pr"nciple. 
Applying the bimixture theory and the finite 
element method, free vibration and steady state 
responses wereobtained. Ishihara (1970) furnished 
an approximate form of the wave equations based on 
Biot's theory and tried to correlate these wave 
equations with those normally obtained from the 
ordinary elastic theory. 
A rigorous finite element formulation based on 
Gurtin's variational principle was made for the 
governing equations in Biot's consolidation theory 
by Yokoo, Yamagata and Nagoka (197la, 197lb, 
197lc). Their analyses included idealization of 
nonhomogeneous, anisotropic soil as a one, two or 
three dimensional consolidation problem. 
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2.3 Constitutive Modelling 
Cyclic loadings due to waves induce permanent 
strains in the soil foundation system. The 
permanent strains often termed as cumulative or 
residual strains will remain even if the loading 
• has been terminated. Accumulation of permanent 
strains in the soil due to repetitive nature of 
loading such as wave or earthquake will depend 
primarily on the soil type and density, permea-
bility, overconsolidation ratio, initial stresses, 
and finally number of frequencies and magnitudes 
of the loading cycles. 
The current state-of-the-art on computational 
methods for permanent displacements of offshore 
gravity platform can be categorized by the 
following two approaches. 
In the first approach an incremental analysis is 
carried out for the entire loading cycles which 
involves consideraton of large number of time 
steps. Prevost (1977) has illustrated the use of a 
complex elasto-plastic soil model in order to 
predict the quasi-static response of an offshore 
foundation to wave loading. Prevost's model was 
based on the anisotropic theory of plasticity and has 
often been criticized for using large number of 
material parameters. Prevost introduced a set of 
nested yield surfaces and the associated plastic 
moduli to model the undrained characteristics of 
soil such as clay. Mroz, Norris and Zienkiewicz 
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(1978) have also presented a soil model similar to 
Prevost's model based on two surface anisotropic 
plasticity theory. The basic concepts behind the 
Mroz's theory are: a) the consolidation history is 
bounded and defined by Roscoe-Burland (1968) surface b) 
yield surface defines an elastic domain within the 
bounding surface and c) the plastic modulus varies 
from a value H0 near the yield surface to a value 
Hb on the bounding surface. The Mroz's model is 
often considered as extension of the work of 
Dafalias and Popov (1976) who introduced the 
concept of vanishing 'yield surface' in modelling 
the soil behavior based on plasticity theory. Finn 
and Martin (1980) evaluated the merits of the above 
two models e.g. Prevost's model and Mroz's model 
and concluded that anisotropic plasticity model 
predicts the static response of soil in a reason-
able manner. However, the verification of the 
model to cyclic loading problem was very limited at 
the time of their study. 
Van Eekelen (1980) stated that the anisotropic 
plasticity model of soil can only produce some 
features associated with cyclic loading and that 
the verification of the model with respect _to 
laboratory soil tests is very limited. He 
illustrated that the Mroz's model (1978) will 
predict a pore pressure under undrained loading 
which is too small for normally consolidated clays 
and will show the incorrect sign for heavily 
overconsolidated soil. 
It is seen from the above review, that there is no 
unified soil constitutive modelling techniques 
available at this time to study the effects of load 
reversal under two and three dimensional stress 
conditions. 
The second approach for predicting the permanent 
deformation of foundation under repetitive nature 
of loading has been described by several authors 
e.g. Anderson et al (1978), Dumas and Lee (1980), 
Marr and Christian (1981). 
Dumas and Lee (1980) presented a step by step 
approach for the computation of permanent 
deformation of foundation to a small parcel of 
uniform cycles of wave loading. The loading was 
15 
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treated as a linear static one and the following 
steps describe the procedure: 
1. First the initial displacements, static stresses 
and cyclic stresses are computed. 
2. From the laboratory test data, the strains are 
computed in e~ch element based on the magnitude 
of stress level and number of cycles. 
3. A pseudo-plastic modulus, Ep' is defined as 
the ratio between the cyclic stress, Te' to 
the strain, y , computed in step 2. 
e 
4. Combined secant modulus, Eip' is determined 
based on the initial modulus, E., and the 
1 
plastic modulus, Ep' as 1/E. + 1/E . 1 p 
5. Permanent displacements are then computed as 
the difference between the nodal displacements 
computed using secant modulus, E. , and the initial lp 
displacements based on tangent modulus, Ei. 
Anderson (1978) first presented a graphical method 
based on the cyclic stress-strain data on saturated 
clay under undrained cyclic loading. The stress 
strain behaviour of a clay element subjected to two 
way cyclic loading in a simple shear apparatus 
under undrained condition is shown in Fig. 2.1. 
During the test, the cyclic shear stress, The' 
was kept constant (stress controlled test) at a 
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FIG. 2.1 STRESS- STRAIN CURVES FROM SIMPLE SHEAR TESTS 




1 eve 1 of ± 14 .2 KN I m 2 which corresponds to 4 5 % of 
the horizontal static shear stress, Thf' at 
failure under undrained condition. It can be seen 
from the Fig. 2.1, that the cyclic shear strain 
increases from +0.35% (0.0035) in the first cycle 
to +3.1% (.031) after 884 cycles. Based on these 
tests, a strain contour diagram, Fig. 2.2, is first 
constructed which shows the variation of cyclic 
shear strain with a given stress level and number 
of cycles. While using this method, waves are 
arranged in blocks, each representing wave loads of 
approximately equal amplitude. Each block of waves 
gives two contributions to the cyclic shear strain 
level. These are a) immediate cyclic strain level 
caused by the increase in stress level from one 
block to the next and b) increase in cyclic shear 
strain level due to the number of cycles at the 
particular stress level. The cylic shear strain at 
the end of a block is defined as the initial value 
for the next block and is expressed as 
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c 2. 1) 
where Yc,N+L'IN = cyclic shear strain after, N+L'IN 
cycles (Fig. 2.3) 
Yc N = cyclic shear strain in cycle N 
' 











STRAIN- CONTOURS FROM 
STRESS-CONTROLLED TESTS 
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FIG. 2.2 PREDICTION OF CYCLIC SHEAR STRAINS FOR SOIL 
ELEMENT SUBJECTED TO VARYING CYCLIC SHEAR 
STRESSES. (ANDERSON, 1976) 
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FIG. 2. 3 STRESS-STRAIN BEHAVIOR OF SOIL ELEMENT 
SUBJECTED TO VARYING CYCLIC SHEAR STRESSES 
(ANDERSON, 1976) 
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and 
immediate change in cyclic shear 
strain due to change in cyclic 




increase in cyclic shear strain 
due to ~N cycles with a cyclic 
+ 
shear stress, Tc,N+l 
Marr and Christian (1981) described a method based 
on the concept of 'no net load'. The permanent 
strains for each element were evaluated during 
particular loading cycle and their effects repre-
sented by unbalanced equivalent nodal loads at the 
end of the cycle. Before the computation proceeds 
further, this unbalanced nodal load was redis-
tributed resulting inadditional deformations in the 
elements. The permanent deformations were then 
computed from the difference between the above two 
deformations. The constitutive relationship for 
soil was obtained based on a series of tests 
carried out on clay. They obtained a nearly 
log-linear relationship among cumulative strains, 
number of cycles, porosity, stress level, and 
cyclic shear stress. 
2.4 Shakedown Analysis 
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2.4.1 Structural Mechanics 
Bleich (1932) presented the static shakedown 
theorem with a limited proof. However, ge~eral 
proof of static shakedown theorem with the 
illustration of a truss problem was first presented 
by Melan (1936). • Applications of static shakedown 
theory for continuous medium have been presented by 
Melan (1938), Symonds (1951) and Koiter (1960). 
Koiter (1960) also extended the work of Melan to 
the kinematic characterization of inadaptation (non 
shakedown) and presented the basic proof for 
kinematic shakedown theorem. The extension of 
Melan's static shakedown theorem to temperature 
load cycles was formulated by Prager (1956). 
Considerable work has been done on the application 
of shakedown theory for discrete structures 
(frames, trusses, etc.). Symonds (1951) was the 
first to present the application of shakedown 
theorem to a continuum problem. A circular shaft 
subjected to combined axial force and twisting 
moment was analysed and the shakedown domain for 
the axial force and twisting moment obtained. 
Leckie and Penny (1969) carried out a shakedown 
analysis for a complex structure based on Melan's 
theorem. They evaluated the lower bound estimates 
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of shakedown load factors for pressure, twist and 
moment applied to a radial flush of nozzle in a 
spherical pressure vessel. The residual stress 
field was approximated based on an available elastic 
solution and shakedown load factor finally evaluated 
using linear programming technique. Combining the 
loading and the t~mperature, Leckie and Penny (1969) 
showed how a shakedown analysis can help in making 
the important design decisions of a pressure vessel. 
The matrix formulation of the shakedown problem was 
first presented by Maier (1969) with the use of 
piecewise linearization of the yield surface. Maier 
(1969) proposed that the shakedown load factor can 
be obtained as the optimal value of a linear pro-
gramming problem. Melan's theorem was presented as 
a primal linear programming problem whereas Keiter's 
theorem was presented in its dual form. Keiter's 
theorem was also extended in order to allow for 
variable dislocations with associated flow laws. 
Maier (1969) also presented the shakedown theory 
based on nonassociated flow laws (non normality 
condition) and showed the procedures for obtaining 
the lower and upper bounds to the shakedown load 
factor. 
Ceradini (1969, 1980) first presented the dynamic 
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shakedown theory as an extension to Melan's and 
Koiter's formulations. Dynamic shakedown theory is 
applicable to the situation where repeated loadings 
are varying so rapidly that the inertia anQ damping 
forces cannot be neglected (e.g. seismic-structure 
or wave-structure-foundation interaction problem). 
The first dynamic shakedown theorem states that 
shakedown will occur if the yield condition is 
satisfied at every point and time by the sum of a 
constant residual stress field and the linear 
elastodynamic response evaluated on the basis of 
some arbitrary initial condition. Corradi and 
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Maier (1972) extended the Koiter's inadaptation theorem 
to the dynamic problem and stated this as a 
second dynamic shakedown theorem. Ho (1972) 
formulated the dynamic shakedown theory of elasto-
plastic systems as an extension to Koiter's 
inadaptation theorem (second shakedown theorem). 
It was shown that shakedown design of a system 
under dynamic loading can be transformed into a 
quasi-static elastic counterpart with the proper 
application of dynamic amplification factor over 
its elastic response. Maier (1972) extended 
Ceradini's dynamic shakedown theorem to systems 
which obey general hardening rule, using the dual 
relationship between the static and kinematic 
shakedown theorems; Keiter's theorem was also 
extended to allow for work hardening. Maier (1972) 
also included the effect of geometric nonlinearity 
in the classical shakedown theorem of Melan and 
Koiter and presented a proof for the new second 
order shakedown theory. Konig (1969) developed the 
t 
shakedown theory of plates based on Melan's theorem 
using the yield locus concept; shakedown load 
factors were evaluated for simply supported and 
clamped plates by using the Tresca yield condition. 
Although the shakedown theory based on finite 
element formulation has been developed for a 
broad range of problems, e.g. work hardening, 
dynamic and geometric nonlinearity, very few 
numerical solutions applicable to a continuum problem 
do exist in the literature. Belytschko (1972) 
presented the first numerical solution for shake-
down analysis in continuum problem ~ under plane 
stress condition. The problem was formulated with 
equilibrated finite element modelling coupled with 
a nonlinear programming approach. The method was 
applied to analyze the shakedown of a square plate 
with a circular hole subjected to biaxial variable 
repeated loadings. The material was assumed to be 
elastic-perfecly plastic obeying Von Mises yield 
condition. Corradi and Zavelani (1974) used the 
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approach of Maier, based on piecewise linearization 
of the yield surface coupled with compatible finite 
element displacement model, and analyzed the same 
problem as that solved by Belytschko (1972). 
The same thin plate, plane stress problem was also 
analysed by Hung and Palgen (1979) based on the 
theory as formulated by Hung and Konig (1976). 
The formulation was a static one with the yield 
criterion defined as the 'yield criterion of the 
mean'. Borkowski and Kleiber (1980) presented the 
numerical shakedown analyses for a hyperstatic 
truss and for a cantilever beam under plane stress 
conditions. Kleiber, Konig, and Sawczuk (1982) 
presented an excellent report on studies related to 
plastic structures. Special topics which were 
covered in the above presentation were: stability, 
anisotropy, hardening and cyclic loads. Several 
example problems were illustrated showing the 
results regarding the computer analyses of non-
linear structural mechanics problems. 
2.4.2 Geomechanics 
Very few applications of shakedown criteria for 
soil mechanics problems are available at present 
contrary to the structural mechanics problem as 
presented earlier. 
2 6 
Rowe (1975) carried out experimental work on model 
studies of an offshore gravity platform foundation 
resting on saturated clays. The foundation was 
subjected to inclined, eccentric, and cyclic quasi-
static loads to simulate the wave loading on an 
actual platform. The 'amount of shakedown' was 
considered as a function of the size of the wave 
force and the number of wave cycles. The load 
factor was defined as the value corresponding to 
'equilibrium shakedown' of the vertical displace-
ments of the foundation. 
Zienkiewicz (1976, 1978) presented the effect of 
wave action on the foundation of an offshore 
structure using finite element analysis. The 
primary conclusion was that even such a relatively 
slow cyclic loading may lead to 'progressive defor-
mation' (incremental collapse) at load level well 
below the static collapse value. In the earlier 
publications of Zienkiewicz (1976, 1978), 'ratch-
etting' (progressive collapse) was defined as the 
shakedown phenomenon. In fact, this is contrary 
to the actual definition given by Bleich (1932), 
Melan (1936), Neal (1956) and later by Maier (1969). 
Aboustitt and Reddy (1980) developed a computer 
program for the application of the kinematic static 
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shakedown theorem applicable to dry soil (drained) 
situation. The application was illustrated for a 
footing subjected to variable repeated loading 
under a plane strain condition. As there was no 
available solution for shakedown analysis in plane 
strain, the software developed was checked with the 
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only available solution for plane stress: a square 
plate with a central circular hole, subjected to 
biaxial variable repeated loading. By making use 
of the fact that the shakedown theorems are general-
izations of the limit theorems for a complex loading 
programme, the formulation was checked with avail-
able solutions of plane strain limit analysis. The 
footing analysis showed that the shakedown load 
varies almost linearly with the uniaxial compressive 
strength. At the same time Pande (1980) presented 
approximate solution of shakedown load for a 
strip footing under quasi-static loading situation. 
The traditional method of incremental nonlinear 
(elasto-plastic) analysis was used to obtain the 
lower bound on shakedown load factor. The soil was 
assumed to be purely cohesive and to obey the Mohr-
Coulomb yield criterion. It was identified that 
shakedown analysis of offshore foundation problem 
will be of great interest to the geotechnical 
engineering field even though the clear procedures 
for carrying out such an analysis were lacking. 
CHAPTER III 
FINITE ELEMENT FORMULATION FOR FLUID 
SATURATED POROUS MEDIUM 
3.1 Introduction 
The general dynamic finite element formulation of 
saturated soil medium is described. The soil is 
modelled as a two-phase material whose state is 
described by the stresses and displacements in each 
phase. The undrained behaviour of fully saturated 
soil is accompanied by the condition of 'no volume' 
change and therefore the soil deforms like an incom-
pressible material. The traditional displacement 
based finite element formulation does not apply when 
a material becomes truly incompressible. The incom-
pressibility leads the Poisson's ratio to be one-half 
and thus results in a singular stiffness matrix. 
Reduced integration technique is used in order to 
circumvent the singularity problem. 
The chapter is divided in three sections. The first 
section describes the general equations of motion of 
a fluid saturated porous medium based on Biot's 
approach. The second section presents the displace-
ment based finite element formulation of the dynamic 
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equations of motion using reduced integration 
technique. Two types of loading, e.g. undrained and 
drained states of loading, are discussed with respect 
to soil foundation interaction. A computer code for 
the elastodynamic analysis is developed and its 
correctness checked by analysing two problems: a) a 
strip footing under,vertical loading and b) a 
cantilever beam under periodic vertical loading. 
3.2 Deformation Characteristics of Saturated Soil 
The deformation analysis of saturated soil is 
normally carried out based on the assumption of the 
soil as a two-phase medium. The grains of the soil 
skeleton constitue the solid phase while the pore 
fluid filling the voids makes up the fluid phase. 
Normally, it is assumed that the soil skeleton behaves 
linearly or nonlinearly whereas the pore fluid is 
incompressible. The stresses in the soil skeleton 
are conventionally termed as "effective stresses" and 
those in the fluid (water) phase called the pore 
pressure. 
During the loading process the two-phase character-
istics of the saturated soil causes it to behave in 
two widely different ways. When the loading is 
applied in an instantaneous manner, excess pore 
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pressure develops and the pore fluid then tends to 
flow due to the difference in the pressure gradient 
within the medium. The flow then continues for a 
finite time depending on the permeability of the soil 
and the drainage boundary condition. At the instant 
of the loading the pore fluid has little time to 
dissipate and because the pore fluid is incompress-
ible relative to the soil skeleton, the soil deforms 
as an incompressible material. The deformation of 
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soil with 'zero volume change' is often defined as 
undrained deformation. When the soil is loaded with 
free drainage condition,such that excess pore pressures 
dissipate, the deformation is defined to be drained. 
However, in intermediate state where the flow can 
take place, interaction between the skeleton and the 
flow of the pore water must be considered. Terzaghi 
first observed the interaction in 1925, and he assumed 
that the water filling the pore volume behaves as an 
incompressible liquid and the deformation of the 
skeleton is elastic. The individual grain is con-
sidered as incompressible. Darcy's law is 
applicable due to the pore fluid flow being laminar. 
Terzaghi's one dimensional consolidation theory, 
however, is not applicable for most practical problems 
where the soil is loaded in multi directions. Biot 
(1941) presented an alternative approach based on 
multidimensional theory. Biot's theory is used in 
the present study for the finite element formulation 
of the equations of motion for soil deformation 
analysis under dynamic loading. The basic 
assumptions in Biot's theory are: 
1. Soil is modelled as a two-phase material. 
2. The solid skeleton behaves in a linearly 
elastic form. 
3. The fluid (water) is compressible and of the 
Newtonian type. 
4. The individual grain constituting the soil 
skeleton also deforms elastically. 
5. The total stress can be separated into two 
parts; a) effective stress and b) pore 
pressure. 
6. Volume change due to shear deformation is not 
considered here. 
3.3 Equations of Motion for a Saturated Porous Medium 
The general equations of motion for fluid saturated 
porous medium were first presented by Biot and the 
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__ xy:!.- + P b 





___.x_ + pb 
ay Y ... (3. 2) 
and ii) for the fluid with respect to the solid, 
... (3. 3) 
~ + p b 
ay £ y ... (3.4) 
where ax, ay and Txy = total stresses of bulk solid 
in x and y directions 
. 
pb = body force of bulk solid in x 
X 
direction 
pb = body force of bulk solid in y y 
direction 
u and u = displacement, velocity and X X 





u , u and li = displacement, velocity and y y y 
acceleration of bulk solid in 
y direction 
.. 
w , w and w = displacement, velocity and 
X X X 
acceleration of fluid 
relative to solid in x 
direction 
w w and w = displacement, velocity and y' y y 
acceleration of fluid 
relative to solid in y 
direction 
p = excess pore pressure over 
hydrostatic 
= fluid body force in x 
direction 
= fluid body force in y 
direction 
n = porosity 
and k = permeability 
3.4 Strain-displacement Relationship 
The strain displacement relationships for the solid 











. . . (3-Sb) 
+ _L au ) 
ax (3-Sc) 
The volumetric strain of fluid with respect to solid 
is given as 






where Ex' Ey and yxy = solid strain components in x 
and y directions 
and ~ = volumetric strain of fluid 
with respect to solid 
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3.5 Constitutive Relationships 
Stress strain relationship for saturated porous media 
is expressed in terms of 
au au 
(A + 211) X + A. ____L + aM ol; .. (3·6a) Ox c ax c ay 
au au 
A. X + (A. + 211) ____L + aM ol; .. (3 -6b) Oy c ax c ay 
au au 
X 
-rl) .. (3-6c) T 11(-- + xy ay 
au au 
X aM ____L + M l; .. (3.6d) p = aM -- + 0 ax 0 ay 0 
The above Eqns. (3.6a - 3.6d) can be written as 
a (Ac + 211) A. 0 aM E X c 0 X 
a A. (A. + 211) 0 aM E y c c 0 y 
T 0 0 11 0 Yxy xy 
aM aM 0 M l; p 0 0 0 
A + 211 A 0 aM E a2M a2M 0 0 E 0 X 0 0 X 
A. A. + 211 0 aM Ey a2M a2M 0 0 E 0 0 y 
+ 
0 0 11 0 Yxy 0 0 0 0 Yxy 




A = modified Lame's constant 
c 
= A 2 +a M 
0 
A and~ = the Lame's constants defining the 
properties of soil skeleton under 
drained condition 
• 
a = compressibility of grains 
(n < a < 1) 
K 
M = w 
0 n 
K = bulk modulus of water 
w 
3.6 Boundary Conditions 
The boundary conditions are given as (Fig. 3.1) 
u (x,t) = u Cx,t) 
X X 
"' u (y,t) = u (y,t) For displacements y y 
"' 
w (x,t) = w (x,t) on 's ' ... (3.7a) 
_)( X 1 
"' w (y,t) = w (y,t) y y 
"' 
0 £ + 'T m = T (x,t) 
X xy X 
"' 
'T 2 + o m = T (y,t) For forces on 
xy y y 
"' P2 = p (x,t) 'S ... (3.7b) 
X 2 
A. 
Pm = py(y,t) 
37 
--~• S2 = Boundary Where Traction 
y Subdomain v• 
(element) 
S1 =Boundary Where 
Displacement is 
Prescribed 
A = Area ,-
V =Volume 
ny=m Force is Prescribed 
._-Governing Differential Equation Set 
D(U) = 0 over V. (Volume) 
Boundary Conditions· 
B(u) = 0 over S, (Boundary) 
X 
FIG. 3.1 GENERAL BOUNDARY VALUE PROBLEM 
where u u = prescribed displacement - for bulk 
x' y 
solid on sl 
A 
w w = prescribed displacement for fluid with 
X y 
respect to solid on sl 
A A 
T (x,t) & Ty(yft) = prescribed traction force X 
sz in x and y direction. 




£ and m are the direction cosines in x and y directions. 
Applying the principle of virtual work to equations of 
motion following Haldar (~978 ) and Haldar and Reddy (1979) 
dC~~ + (h Oux) dV oW = xy + pb - pu pfwx) + ay X X 
r, dO pfWy) Ouy} dV + J ( xy + y + pb - pu -v ax ay y y 
!{(djl + p b - p u - 1 p w - 1 wx) Owx}dv + V dX f X f X n f X k 
~{cp + pfby pfiiy 1 Pf~~y 1 wy) owy}dv 0 v ay n k 
. . . ( 3.8) 
Each term of Eqn. (3.8) is integrated using Green's 
theorem as follows: 
I '"' I !!! cp ~ dV V 3x 
d tf..l I I I 
!!! --~ ~ dV + Jcp~£dS 
v ax s 
... (3.9) 
I I 
Where cp, and ~ are two functions and £ is the 
direction cosine in x-direction (Fig. 3.1). 
t 







J cp1 3 ~ dV 
V dX 
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d If.. I I 1 I 
f --~ ~ dV + Jcp~£dS 
V dX S 
... (3.10) 
J 3 (8u ) V 3x x 0 X dV + J s 
... ( 3.11a) 
Similarly the remaining terms are integrated by parts 
as 
dT 
J xy 8u dV = -J T a (8u ) dV + J T (m8u ) dS V d y X V xy d y X S xy X 
... (3.11b) 
Similarly, for the first term of the second integral 
in Eqn. (3.8) 
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aT 
a f xy au dV f (au ) dV + f (tau ) dS ax Txy ax T v y v y s xy y 
. . . ( 3 . llc. ) 
ao 
a f y au dV f 0 (au ) dV + f (mou ) dS ay ay 0 v y v y y s y y 
. . . (3.11d) 
Also, the first two,terms in third and fourth integral 
of Eqn. (3.8) become 
and 
f lE_ ow dV 
v ay Y 
a ~ p ax (owx) dV + £ p (towx) dS 
... (3 .. lle) 
a f p ay (owy) dV + f p (mow ) dS 
v s y 
... (3. llf) 
Eqn. (3.8) is rewritten in a new form using the above 
Eqns. (3.lla - 3.llf) as 
(au ) dV + f Txy (moux) dS} + J {(pb -pli -pfw )au } dV 
X S V X X X X 
+ {-! a (au ) dV + f (tau ) dS} {-! Txy ax T + 0 v y s xy y v y 
a (au ) dV + f (mouy) dS} f { c P bY- puY- P £ ''\) ay 0 + y s y v 
ou } dV + {-! p ~x (ow ) dV + J p (~ow ) dS} 
Y V a X S X 
a 
+ {- f P ay (owy) dV + J p (mow ) dS} 
v s y 
... (3.12) 
Using the relations expressed in Eqn. (3.5), gives 
the following relationships 
Similarly, 
and 
a OE X X 
aw aw 





Finally, the following relationship is obtained after 
substituting Eqn. (3.13) in Eqn. (3.12) 
ow = - J (a OE +a OE + T oy + po~) dV + J {(a ~ V X X y y xy xy SZ X 
42 
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+ T m)ou dS - J {(pu + pfw ) au } dV + J {(Txy~ 
xy x V y y y S2 
+ o m) ou } dS + J (pb au ) dV + f (pb au ) dV - f dV au y y V X X V y y V X 
{(pux + Pfwx) + J (p~ow + pmow )dS + J (pfl;>x ow )dV 
S2 X y v X 
+ J (pfby ow ) dV J {(pfux + pf .. ) ow } dV J 1 - -w - k v y ' v n x X v 
C~xowx) dV - ~ {pfliy + ~ pfwy}ouy dV-~~ C~y owy) dV 
(3.14) 
- J <'ow ow ...,. 
pf 
w dV - J L.ow ow .,. 1 dV 
v X y X V X y k pf 
w y 
+ J <:ow ow ...,. 
rfbxJ dV v X y 
pfby ... (3.15) 
OET 0 dV + OUT 
A 
OUT 1~:1 dV = J J {T} dS + J v S2 v 
T r ~ T r 1 OWT A - J pOu ~~ dV -J pf Ou :~ dV + J {p} dS v v S2 
-! owT 
dV Pf t~;J - ! pf OWT 1:;J dV -! 1 6wTf~;1 dV v v n v k 
-! ow1 {~;1 dV v 
where os T < OS 
T 
0 
OS oy o~ > 
X y x y 
and T denotes the transpose 
(3.16) 
Here, SZ, represents that part of the total surface, 
S, for which stresses are prescribed, and not 
displacements (Fig. 3.1) 
3.7 Two Dimensional Finite Element Formulation 
A four noded isoparametric element shown in Fig. 3.2 
is used in which a linear displacement field is 
assumed for the solid and the fluid. The continuum 
is discretized using four noded elements. The soil 
is assumed to be homogeneous within each element. 
For a four noded isoparametric element, the 
coordinate interpolations are assumed following 









y y (1, I) 
(-1,-1) 
~------------------_.x '-------------.x 
a. GLOBAL SYSTEM b. LOCAL SYSTEM 







. . (3.17b) 
The displacement interpolation functions for the 
solid and fluid are 
4 
u 1:: h.U . . (3.18a) 
X i=l l Xl 
4 
u 1:: h.U yi . . (3.18b) y i:::::l l 
and 
4 
w 1:: h.W 
xi (3.18c) X i=l l 
4 
w 1:: h.W yi (3.18d) y i=l l 
where 
hl 
1 (1 + r) (1 + s) 4 
h2 = 
1 (1 r) (1 + s) 4 
h3 = 
1 (1 r) (1 s) (3.19) 4 
h4 = 
1 (1 + r) (1 s) 4 
Here, r,s, and x,y represent the local and global 
coordinate systems respectively (Fig. 3.2). The 
solid displacements, within an element are expressed 
46 
in terms of nodal displacements vectors gx = (Uxl' ux 2 ' 
U 3 , U 4 ) and U = (U 1 , U 2 , U 3 and U 4 ) as X X ~y y y y y 
~;] [:1 h2 h3 h4 0 0 0 :J [~:] 0 0 0 hl h2 h3 
~m : J ~j (3.20a) 
- -m ~Y 
or u = .+. u ~-
where u is solid displacement vector at any point 
within the element 
and U is displacement vector at nodal points 
Similarly, the fluid displacement with respect to 
solid within an element can also be rewritten in 
terms of fluid nodal displacement vectors as 
[:: ]= ~1 h2 h3 0 0 
= 
or, 
~m Q J ~x] ~m ~y 
w = ~ w 
m-
h4 0 0 0 :J~:] 0 hl h2 h3 
( 3. 2 Ob) 
where w is fluid displacement vector at any point 
within the element 
and W is displacement vector at nodal points 
From Eqns. (3.20a) and (3.20b) the following 
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<Pm W (3. 21b) 
(3.21c) 
where u, u = velocity and acceleration vectors for 
solid 
and w, w = velocity and acceleration vectors for 
fluid with respect to solid. 
The strain displacement relationships given by Eqn. 
( 3. 5) are established as follows in terms of the 
derivatives of the interpolation function as 
au_ 
d E X 0 0 0 ax ax u X X 
au d E __y_ 0 
ay 0 0 u y ay y 
E 
dU au d d 
yxy 
X 
+ __y_ 0 0 ay ay dX w ax X 
dW dW 
a d X + _____]!__ 0 0 ax ax ay w ay y 
(3.22) 
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After substituting Eqns. (3.20a and 3.20b), Eqn. 
(3.22) becomes 
d 0 0 0 ~m Q Q Q 11x E: ax X 
0 a 0 0 Q cb Q Q u E:y · ay ~m ~y 
E: 
• d a . 0 0 Q Q ~m Q w Yxy ay dX ~x 
0 0 a a Q Q Q ~m w ax ay ~y 
.. (3.23) 
d (~m) Q Q Q u ax ~x 
Q a (~m) Q Q u ay ~y 
a (~rn) a (~m) Q Q w ay ax ~x 
g g a (~ . ) a (~m) w ax -m ay ~Y 
.. (3.24) 
¢11 ¢12 u u 
-
= [*] 
lJJ21 "l/J22 w w 




a (~m) Q ax 
ljJll Q a (~m) ay 
a C~m) a (~m) (3. 25a) ay ax .. 
and 
.. (3. 2Sb) 
.. (3· 2Sc) 
Wzl .. (3. 25d) 
.. (3.2Se) 
The stress-strain relation can be rewritten from 
Eqns. (3. 6e) in the following form 
(J A + 2ll A 0 aM E X c c 0 X 
(J A A + 2ll 0 aM Ey y c c 0 
T 0 0 ll aM Yxy xy 0 
p aM aM 0 M F,; 




solid stress-strain matrix (undrained) where D = 
55 
D 
sf = Df = solid-fluid coupling stress-strain matrix 5 -
Dff 
and T as 
T 
Es 
= fluid stress-strain matrix 
<a a T > 
x y xy 
<E: 
X 
Substitution of Eqn. (3.25) in stress-strain relation 
of Eqn. (3.26) furnishes 
ljJll u 






From Eqn. (3.25) the strain displacement relation, is 














(Dfs1JJ11u + D££1P2zw) dV + f 
..<£.m {T} dS 
sz 
+ f oUT <I? {~:J dV - ~ poUT T u dV ..<£.m ..<£.m v -m 
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oUT <!? ¢ w oWT ¢T "' - f pf dV + f {p} dS 
v -m -m- S2 -rn 
f oWT T u dV - f oWT ¢T 
pf 
w dV pf 1m 1m n ¢m v v -m 
f oWT ¢T 1 w dV + f OWT ~T rF} dV - k frn v -m v - -m YF 
. . (3 .33) 
As oW = 0 and oUT and oWT are arbirary variations in 
displacements for solids and fluids with respect to 
solids, two sets of equations, which are independently 
zero, are obtained as: 
( f ¢T T w + J ljJT D u + f T Pim u + J .P.m Pf .P.rn lj;ll lJJ11Dsf V -m v v 11 ss v 
f ¢T {~: 1 dV ¢T "' ljJ22 w ) dV + f {T} dS V -m S2 -m 
. . (3 .34a) 
and 
J ~T U + J ~T Pf W + f ~T l ~ W + f ( ~m Pf .P.rn ~m -n .P.rn ~m k Ym -v- v- v- v 
T 
lj;ll u + J ljJT Dff lJJzz w ) dV f ¢T F:J dV lJJ22Dsf v m V -m 




Mss Msf u Q Q u Kss Ksf u PB 
+ + 
Mfs Mff w Q cff w Kfs Kff w Pf 
(3. 35) 
The structural damping which accounts for the energy 
dissipation of solid skeleton, may be represented in 
terms of Rayleigh damping coefficients (B 1 and B2) as 
a combination of mass and stiffness matrices and 
expressed in the following form as 
2 
a Kff ) 
. . (3.36) 
Substitution of Eqn. (3.36) in (3.35) gives 
M Msf ss u css Q u Kss Ksf u PB 
+ + 
. 
Mfs Mff w Q cff w Kfs Kff w Pf 
(3. 37) 
where 
Mss = solid consistent mass matrix 
= f <PT p ¢ dV, V -m -m .. (3. 38a) 
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Msf coupled solid fluid matrix 
= f ct? Pf rpm dV .. (3.38b) V -m ' 
Mff = fluid consistent mass matrix 
f T Pf 1m dV (3.38c) = 1m n .. ' v 
cff = fluid damping matrix 
f rpT 1 dV (3. 38d) = k rpm . . 
-m v 
K solid stiffness matrix (undrained) ss 
f T D dV (3.38e) = 1/Jll ss1/J11 ' . . v 
K 
sf = K = fs solid fluid coupled stiffness 
matrix 
f T f T (3.38f) = 1jJ11Dsf1jJ22 1/J22Dfs1jJ11dV .. 
v v 
Kff = fluid stiffness matrix 
f T Dff1jJ22 dV = 1/J2z ' .. (3.38g) v 
Using Eqn. (3.6e), the term, Dss' in Eqn. (3.38e) 
can further be rewritten as 
... (3.38h) 
where Dsd = drained elasticity matrix for the soil 
skele.ton 
A.+Zf-1 A. 0 
0 0 fl 
and Dff = elasticity matrix for the pore fluid 
a 2M a 2M 0 
0 0 
a 2M 2M 0 
0 a o 
0 0 0 . . . (3.38i) 
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Substituting Eqn. (3.25a) in Eqn. (3.38h) one can obtain 
K f T Dsd ¢11 dV + f a 2M 
T 
¢zz dV = ¢11 ¢zz ss v v 0 
. . . (3.38j) 
where ¢ 22 = [hl ' hz x' ... h3,y' h4,y] ,x 
' 
and h. = differentiation of the i-th interpolaton l,X 
function with respect to x-coordinate 
The load vectors in Eqn. (3.37) are expressed as 
PB = bulk load vector including gravity 
J ¢T F:J dV + ¢T A = J {T} dS -m S2 -'-iTl v 
(3.381) 
and 
pf = fluid load vector including gravity 
(3.38m) 
3.8 Condition for Incompressibility 
The redistribution of the stresses takes place just 
after the loading is applied to the soil medium. 
The stresses here are termed as total and effective 
and are accompanied by strains and displacements. 
The pore water pressure will also develop and the 
magnitude and distribution of the pore water pressure 
depends not only on the load but also on the soil 
type and its past stress history. If the loading is 
applied in an instantaneous manner the soil behaves 
under undrained condition, since the pore water 
has little time to dissipate. The condition of 
undrained state for fully saturated soil is 
57 
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accompanied by the condition of 'no volume' change and 
as such may be expressed in terms of strain 
components as 
E + E + E 
X y Z 0 (3.39) 
The strain components are 
0 0 0 
= 
X _x_ z (3.40a) E E - \) - \) E X E 
0 0 0 y X z (3.40b) E E - \) E - \) E y 
0 0 0 




where \) Poisson's ratio 
ll 
Substitution of Eqns. (3.40a-c) into Eqn. (3.39) yields 
0 0 0 
(1-2v) _JS_ + (1-2v) _x_ + (1-2v) z E E E 0 (3.41) 
Since 0 , a and 0 are not equal to zero and hence 
X Y Z 
(l-2v) = 0 which results in v = 0.50 
The conventional displacement based finite element 
formulation cannot be applied to the solution of 
undrained deformation of soil because of the difficulty 
in expressing the stresses solely in terms of the 
strains. Even when the finite element procedure is 
applied to nearly incompressible solid cv~ 0.5) the 
solution will lead to very large errors. 
However, the elasticity matrix,[2],in Eqn. (3.28) can 
be separated in the following form for undrained 
condition since E;, =• 0 from Eqn. (3.Sd) indicating no 
flow of fluid with respect to solid. 
2 ( K - -ll) 
c 3 
1 1 0 
1 1 0 
0 0 0 
2 0 0 
+ ll 0 2 0 
0 0 1 
(3.42) 
where the shear modulus ll and the bulk modulus K 
c 
represent the elasticity constants 1n terms of 











in which Eu and Ed = undrained and drained Young's 
moduli respectively. 
v u and v d = undrained and drained Po i s son ' s 
ratios respectively. 
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Eqn. (3.42) can be rewritten as 
(3.44) 
where [n]s = constitutive matrix related to deviatoric 
component of stress-strain part 
and constitutive matrix related to volu-
metric component of stress-strain part 
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As v1-l-+ 0.5, 1-1 remains finite when the term 28 - (Kc-~1-J)-+oo 
The strain energy, Se, can then be expressed as 
S e ~ ~ E T [D J S 1-1 E d V + ~ ~ E T [D] V 2 8 E d V 
... (3.45) 
The volumetric strain, Ev, is expressed as 














3y ... (3.46) 
(3.47a) 
2 dV + f G Ev dV 
v 
(3,47b) 
Therefore, the term Ss represents the distortional 
energy whereas, the term S , represents the 
IP 
volumetric strain energy. The incompressibility 
condition is satisfied when 0 ~ oo. 
In the undrained condition, the fluid has no movement 
with respect to the•solid ie. W = 0 and Eqn. (3.37) 
reduces to 
.. (3. 48) 
for the dynamical condition. For the quasistatic 
condition for undrained loading U = d = 0 and Eqn. 
(3.48) after assembling reduces to 
.. (3. 49) 
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and can be expressed in an explicit form as~qn. (3.38j~ 
~C~ 1/Jil Dsdl/Jlldv + ~ "z Mo<P~z Wzz dVJ {u} {rs] 
(3. 50) 
where PB assembled load vector. We write above as 
.. (3. 51) 
2 
where K1 and a M0 K2 = assembled stiffness matrix for 
solid phase under drained 
condition and that due to the 
effect of the degree of 
incompressibility of the pore 
fluid respectively. 
The second term in Eqn. (3.51) represents the 
stiffness related to the volumetric strain, E • 
v 
For E = 0, a 2M should tend to infinity under 
v 0 
undrained condition. Eqn. (3.51) is solved with 
finite values for the matrice~ K1 and K2 . 
It is clear that as a 2M
0
K2 tends to be very large 
when compared to K1 ,Eqn. (3.51) becomes 
.. (3.52) 
and 
Thus the incompressibility constraint takes a 
dominant role and will lead to a trivial solution if 
the matrix K2 is non-singular; 
Eqn. (3.52) shows the difficulty of obtaining results 
for the incompressible case with the displacement 
based finite element formulation, ~here the value of 
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the Poisson's ratio tends to one-half (0.50) but is not 
equal to one-half. In order to circumvent this problem, 
t h e m at r i x [K 2] i s m a d e s i n g u l a r a n d t h e r e f o r e 
whereas 
T h e s i n g u l a r i l y i n t h e [K ;J m a t r i x i s i n t r o d u c e d by u s e 
of lower order integration (Zienkiewiez, 1977) and 
therefore the reduced integration technique is partie-
ularly recommended for nearly incompressible problems. 
T h e a s s e m b 1 e d u n d r a i n e d s t i f f n e s s m at r i x , [ K ~' i n g l o b a 1 
form should be non-singular, although the matrix, [KJ 
is singular. For linear quadrilateral element, the 2x2 
integration is carried out for the matrix, [KJand one 
point integration at centroid is performed for the 
matrix B21 Therefore, in forming the matrix [K 1  
three independent relations (sx, sy, Yxy) are intro-
duced at each Gauss point but for the matrix [K 2]only 
one such relation (volumetric strain, sv) is required. 
The condition of non-singularily of the assembled 
matrix, from Eqn. (3.49) is quaranteed if the number of 
such relations introduced at all the integrating points 
is greater than that of the available degrees of freedom. 
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3.9 Checking of Computer Programme 
Two types of problems are studied in this section 
based on the formulation presented before. These 
are: a) deformation analysis of a strip footing 
under static vertical loading and b) dynamic 
response analysis• of a cantilever beam under 
periodic loading. In both analyses, the results 
obtained are compared with the published values to 
ensure the accuracy and reliability of the computer 
programme. 
3.9.1 Deformation Analysis of a Strip Footing 
The application of the finite element formulation 
as described before is illustrated by the case of a 
strip footing underlaid by a shallow stratum of 
clay under undrained condition. The ratio of the 
half-width of the footing to the depth of the 
stratum is 0.50. The loading is assumed to act 
vertically downwards with a constant intensity and 
the soil medium is assumed to be homogeneous and 
isotropic. The finite element mesh of the strip 
footing is shown in Fig. (3.3). It consists of 56 
nodes and 42 four noded rectangular isoparametric 
elements. Vertical side boundary is placed at a 






































NaDAL PaiNT NUMBERING 
ELEMENT NUMBERING 
Po 
IB .15 22 129 
7 13 19 
19 16 23 130 
8 14 20 
110 n 4 131 
9 15 21 
111 1l:S ~:> 132 
10 16 22 
112 19 26 133 
11 17 23 
113 .2U ., 134 
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the footing centerline and assumed to be smooth. 
The bottom boundary is assumed to be rough and 
rigid. The footing is assumed to deform under 
plane strain condition. Reduced integration 
technique is used to ensure the nearly incompress-
ibility of the saturated soil medium. 
In the initial undrained analysis the soil is 
modelled as a weightless two-phase material with 
s = 100 Kpa and ¢ = 0, where s = undrained 
u u u 
shear strength and ¢ = angle of internal f.riction. 
u 
The drained elastic Lame's parameters A= 150 su, 
~ = 100 su and drained Poisson's ratio, vd = 
0.30 are assumed for the soil skeleton whereas the 
bulk modulus for pore water is assigned as K = 
w 
2000 MPa. This gives an equivalent undrained 
Poisson's ratio, v ~ 0.499 approximately ensuring 
u 
the nearly incompressibility of the soil medium. 
For the drained analysis, K is only set equal to 
w 
zero while the other parameters remain unaltered. 
The drained and undrained deformations are computed 
based on Eqn. (3.49) and compared with the solution 
presented by Booker et al (1976). Fig. 3.4 depicts 
the comparison of the foundation deformation at 
surface along horizontal direction. 
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Figs. 3.5 to 3.7 present the comparisons of the 
distribution of the stress components such as p, 
(pore pressure), a and a along the depth. The X y 
results obtained from the present analysis _are in 
excellent agreement with those obtained by Booker 
et al (1976). It is interesting to note that 
Booker et al (197b) obtained the solution of an 
undrained problem based on a different approach 
such as defining the problem in terms of a single 
parameter and then expanding the solution in terms 
of that parameter. Figs. 3.8 and 3.9 present the 
stress contour plots for vertical normal stress 
component, ay, and pore pressure, p, under 
undrained condition whereas Fig. 3.10 depicts only 
the normal stress component, a , for drained y 
conditon. 
3.9.2 Dynamic Response Analysis of a Cantilever Beam 
For the dynamic response analysis, a cantilever 
beam is chosen as an example problem, and is shown 
in Fig. 3.11. The beam is discretized with four 
noded isoparametric rectanglular elements. The 
mesh consists of 3 elements and 8 nodes. Nodes 1 
and 2 are fixed and the beam is subjected to equal 
periodic forces of 1.0 cos (SOt) at the free nodes 
7 and 8. 
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FI G. 3.11 CANTILEVER BEAM UNDER PERIODIC VERTICAL 
LOADING AT NODES 7 AND 8 (SMITH, 1982) 
7-3 
b 
An eigenvalue analysis is first performed and the 
natural frequencies are shown in Table 3.1 and 
compared to those obtained by Smith (1982). The 
Rayleigh damping coefficients, B1 = 12.36 and B2 = 
l.Zxl0- 5 are obtained by specifying a modal 
damping ratios of 6.5% and 1.7% in first and second 
modes respectively. The response analysis is 
carried out for a few time steps and also compared 
in Table 3.2. The responses computed from the 
present programme compared reasonably well with 
those obtained by Smith (1982). 
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TABLE 3.1 - COMPARISON OF FREQUENCIES FOR 
CANTILEVER BEAM 
Mode Present Difference 




2 431 458 6.26 
3 496 526 6.05 
4 903 919 1.77 
5 1350 1422 5.33 
6 1490 1575 5.70 
7 1600 1630 1.88 
8 1710 1800 5.26 
9 1780 1810 1.69 
10 1870 2030 8.56 
11 2290 2580 12.66 









TABLE 3.2 - COMPARISON OF RESPONSE QUANTITIES 
FOR CANTILEVER BEAM 
Displacement Velocity 
Present Smith Present Smith 
Analysis (1982) Analysis (1982) 
0.483xl0 -5 0.510xl0-S 0.290xl0 -2 0.300xl0 -2 
0.318xl0 -4 0.330xl0 -4 0.749xl0 -2 0.776xl0 -2 
0.755xl0 -4 0.782xl0 -4 0.955xl0 -2 0.987xl0 -2 
0.123xl0 -3 0.127xl0 -3 0.897xl0 -2 0.912xl0 -2 











DYNAMIC SHAKEDOWN ANALYSIS OF OFFSHORE 
FOUNDATION SUBJECTED TO CYCLIC LOADING 
4.1 Introduction 
This chapter presents the dynamic shakedown 
analysis of a gravity type offshore foundation 
under cyclic loading conditions. Although the 
shakedown analysis is relatively new to the field 
of geotechnical engineering, its existence in 
literature related to structural mechanics has been 
well known for more than four decades. 
For foundations subjected to loads varying in time 
in a nonproportional manner within prescribed 
limits, the classical limit theorems can give 
unsafe estimates of the collapse load, as failure 
can occur at loads well below the static collapse 
values. Shakedown theorems, which are 
generalizations of the limit theorems, would 
provide appropriate safe bounds for such complex 
loading programmes. For load reversal varying 
between prescribed limits, a foundation is said to 
shakedown when a state is reached such that all 
subsequent load applications produce only elastic 
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changes. In recent years, very few attempts have 
been made to find practical solutions to the 
shakedown problem related to marine foundations 
resting on saturated soils. As the nonlinear 
dynamic response analysis of an offshore foundation 
to wave loading can only be carried out for a very 
• limited number of cycles due to constraints on 
computing costs, the shakedown analysis becomes 
more practical and relevant to the overall design 
process. 
This chapter is divided into two parts. The first 
part introduces the basic background and concepts 
on shakedown related theorems following Martin 
(1975). The second part describes the finite 
element formulation of the dynamic shakedown 
analysis of offshore foundation and its solution as 
a linear programming problem. 
A computer programme has been developed based on 
the shakedown theory and typical solutions of two 
dimensional boundary value problems are obtained 
and the validity of the computer code is checked by 
comparing these solutions with the analytical 
results. 
4.2 Assumptions 
The basic assumptions of classical shakedown theory 
are as follows (Konig and Maier, 1981); 
(a) The material obeys the elastic-perfectly 
plastic cons~itutive laws. The hardening (or 
softening) phenomenon in the shakedown process 
is neglected. 
(b) The plastic flow rule is governed by the 
associative flow theory of plasticity i.e. 
normality rule is applicable. The yield 
surface is convex in nature and the material 
obeys the Drucker's postulate (1950) of 
material stability criteria. 
(c) Effects of configuration changes do not 
influence the equilibrium condition of the 
body i.e. geometric nonlinearity is not being 
considered. Hence, the classical shakedown 
theorems are based on 'first-order' theory. 
(d) The loading process is assumed to vary slowly 
in time i.e. inertia and damping forces are 
neglected and therefore the response process 
is quasistatic. 
(e) The elastic properties governing the 
constitutive laws and the yield stresses are 
considered to be independent of temperature. 
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(f) The phenomenon of creep is not considered. 
(g) The quantities involved in shakedown analysis 
can be expressed in deterministic form. 
The assumption of elastic-perfectly plastic 
material implies that the yield surface remains 
unaltered over the deformation process. The stress 
vector can either be inside the yield surface 
(elastic domain) causing the plastic strain rates 
to be equal to zero or can touch the yield surface 
thus generating non-vanishing plastic strain rates 
(plastic domain). 
The safe soil stress state, s o .. , may be defined by lJ 
the stress state corresponding to a point lying 
inside the yield surface whereas the admissible 
soil stress state, o~j' may be defined by the 
stress state corresponding to points including 
those on the yield surface. Here, o .. , denotes the lJ 
cartesian stress tensor. The yield condition, fy' 
can be written in the following forms: 
and 
s f (o .. ) < 0 y lJ 
a f (o .. ) < 0 y lJ 
(elastic) 
(elastic-plastic) 
( 4. la) 
(4.lb) 
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The Drucker postulate of stability criteria states 
that the work of additional stresses on a closed 
stress path is non-negative, or that no energy can 
be recovered from the initially stressed element. 




where o .. = total elastic-plastic stress state of lJ 
bulk solid corresponding to strain, 
4.3 Shakedown Analysis 
Shakedown analysis is the generalization of the 
limit analysis in a sense that it provides 
information whether a body will shakedown or not 
E- - • lJ 
under a given cyclic loading programme in contra-
distinction to the limit analysis which provides 
the information whether or not flow will take place 
in the same body under given loads. 
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4.3.1 Static Shakedown 
Based on Melan's theorem, when an elastic-perfectly 
plastic body is subjected to a load, T. (x,t), l -
varying slowly between prescribed limits, it will 
shakedown if a time independent residual stress 
R -field, o .. (x), cart be found such that lJ 
lo~­l lJ ex, t) + R (J •• lJ < 0 
for every x and t. f (o .. ) < 0 is the yield y lJ -
(4.3) 
E condition and, o .. lJ (x, t), is the linear elastic 
stress response of the body to the loading 
programme, T. (x, t) . . In the above expressions, 
l 
o .. , x, and t denote the cartesian stress tensor, lJ 
the coordinate system and time respectively. 
4.3.2 Kinematic Shakedown 
According to Koiter's theorem, the continuum or the 
8 2 
body will not shakedown i.e., it will fail ultimately 
by cyclic plastic deformation, if any admissible 
plastic strain rate cycle, €~., can be found over 1J 
some time interval, 1, such that the following 
inequality holds: 
J dt (Jr.;. dS + JB.;. dV) > f dt f Q(~~-) dV 




T. = surface tractions prescribed over, 
l 
Sz (Fig. 3.1) 
B. = body force over the entire _volume, V 
l 
. 
ui = atlmissible velocity field 
Q (Elj) = plas~ic dissipation density function 
uniquely determined by the 
kinematically admissible strain 
rate distribution, ·p £ .. 
lJ 
Conversely, if shakedown occurs for all admissible 
cycles of plastic strain rates and arbitrary loads 
varying slowly between prescribed limits, then it 




s } d t (J T . ~ . dS + f B . ~ .l d v 
s o sz l l v l ~ = f d t J Q ( EI?.) dV 0 v lJ 
The maximum value of, B , is then obviously the 
s 
factor of safety with respect to shakedown. 
( 4. 5) 
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4.3.3 Dynamic Shakedown 
Based on Ceradini's dynamic shakedown theorem, the 
continuum subjected to dynamic loading will _shake-
down if among all the systems of initial conditions 
(including the self-equilibrating stress state as 
well as the distrfbution of initial displacements 
and velocities) there exist both a residual stress 
field and an elastic solution of the dynamic problem 
so that their sum gives stresses within the plastic 
limits. The elastic dynamic response has often been 
called as a fictitious process which is determined 
by imposing the arbitrary initial conditions such as 
displacement and velocity at some time which need 
not coincide with the actual ones. 
In the case of a periodic dynamic loading, the 
possibility of shakedown is in fact determined by 
the forced vibration part of the response which is 
independent of the initial conditions of motion. 
The free vibration will decay in the early stage due 
to viscous properties of the system. Therefore, the 
dynamic shakedown problem may be reduced to a static 
case with the application of the proper amplifi-
cation factor on the response. 
For the sake of completeness and clarity, the proofs 
of the above theorems are presented in Appendix A. 
4.4 Cyclic Loading 
The foundation of a gravity type offshore structure 
is quite often subjected to repeated or cyclic 
loading (Fig. 1.1~. This loading is primarily 
caused by wave action. A typical cyclic loading 
programme can be defined as follows: 
T. 
l 
ex, t) = T. 
l 
(x,t + w) (4.6) 
where t is any parameter which increases mono-
tonically with real time, and, w, is its period. 
The soil stress distribution can be written as the 
sum of the elastic and the residual stress 
distributions as 
(J •• lJ cx,t) 
E (J • • lJ (x,t) 
R 
+ (J • • lJ c:X:,t) ( 4. 7) 
The elastic soil stress distribution is also a 
function of cyclic loading and therefore it depends 
on the instantaneous value of the external loads. 
Then, E (J •• , lJ 
E (J • • lJ 
can be expressed as 
E 
= a ... lJ (x, t) (x,t + w) ( 4. 8) 
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Because of the cyclic nature of the loading 
programme, the total soil stress distributions, 
cr i j ( x , t ) and CJ i j ( x , t + w ) , are in e qui 1 i b r i urn 
with the external loadings, Ti (i,t) and 
Ti (x,t + w), respectively. The stress field 
differences are also self-equilibrating i.e. in 
equilibrium with zero external forces. 
4.4.1 Shakedown 
Shakedown is said to occur when the plastic strain 
rates are zero. The foundation will attain a cyclic 
steady state after N cycles i.e. 
·p 
E. - -1] cx,t) = o for t > Nw ( 4. 9) 
and the displacements, U. (x,t), are also cyclic. 
1 
R -The time independent residual stress field, crij (x), 
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p -is uniquely determined by the plastic strain, t.ij (x,t). 
The total stress is expressed from Eqn. (4.7) as 
CJ- -1] ex, t) 
E 
= a ... lJ ex, t) 
R 
+ CJ •• 
1] Cx) 
The behaviour of the foundation can be considered 
in terms of the response to one cycle of loading 
such that Nw < t < (N + 1) w. The elastic strain 
rates are given by 
E 
s- -lJ cx,t) ro~­L lJ cx,t) •R + 0--lJ (4.10) 
where, CK~' represents the coefficients of the 
elasticity matrix. 
The change in elastic strain field over a cycle is 
zero and therefore 
E -~ s .. (x) lJ 0 
However, the change in the total strains 
~s--ex) lJ s .. {.x, (N + 1)w}-s .. {x,Nw} lJ lJ 
must be kinematically admissible, since it 
(4.11) 
(4.12) 
represents the difference between two kinematically 
admissible fields. The change in the plastic 
strains over a cycle is defined here as 
~sl?. (x) l.J f (N+1)w ~I?. Nw lJ 
cx,t) dt (4.13) 
~sl?. (x) will also be kinematically admissible when lJ 
the foundation reaches a cyclic steady state which 
determines the condition for shakedown. 
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4.4.2 Alternating Plasticity 
For the situation when, ~E:I?. (x) = 0, it is implied lJ 
that the plastic strains, t:I?. (x,t), and the lJ 
displacements are cyclic in nature as well as their 
rates. This condition leads to the situation where 
the elements in the system undergo plastic strains 
which are alternating in nature i.e. change in sign 
with each cycle. 
4.4.3 Incremental Collapse 
When, ~t:I?. (x,t) ~ 0, the foundation undergoes lJ 
incremental changes in displacement, ~u., over each 
l 
cycle. The work done by the external loading 




(N+l)wdt(J ·E ·p ) a . . E: .. dV + J a . . E: .. dV 
Nw V lJ lJ V lJ lJ Nw 
(4.14) 
Using Eqn. (4.11), Eqn. (4.14) reduces to 
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= J(N+l)wdt(J a . . ~I?.dv) > o 
Nw V lJ lJ 
(4.15) 
Thus it can be seen the foundation will undergo 
increasing deformation with each cycle and if the 
cycling loading continues for a long period of 
time, the foundation will eventually fail as a 
result of unbounded deformation. This type of 
behaviour is often termed as progressive 
deformation or incremental collapse. 
From the offshore'foundation design point of view, 
a foundation subjected to a combination of cyclic 
loading (e.g. vertical, horizontal etc.), in which 
shakedown does not occur represents a situation 
where failure is almost certain. 
4.5 Nonlinear Programming Approach to Shakedown Analysis 
Consider a body subjected to cyclic loads, T (x,t) 
E -
with an elastic solution, 0 .. (x,t). Due to the lJ 
linearity of the elastic solution, if the loads are 
magnified by S5 times i.e. S5 Ti (x,t), (where Ss 
is a scalar multiplier and S
5 
> 1), the elastic 
stress field will be, S
5 
0~. (x,t). From Melan's lJ 
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theorem, if shakedown occurs for a multiplier, S5 > 1, 
there will be a shakedown residual stress field, 
R -0ij (x), such that 
The vector, 
E 
(J .. lJ cx,t) 
E { s 0 .. 
s lJ 
R 
+ 0 .. lJ 
(~,t) 
ex) } < o (4.16) 
R 
+ 0 .. lJ (x)}, must not 
exceed the yield limit at any point in the body 
during the loading cycle. 
As the yield function, fy (oij) ~ 0, is no~mally a 
convex quadratic function in stress space, the 
evaluation of the shakedown load factor, ss' based 
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on Melan's theorem leads to the following programming 
problem: 
S = Maximize S 
s 
(4.17) 
The determination of S thus becomes a nonlinear 
mathematical programming problem. 
In order to apply Koiter's theorem for the evaluation 
of the shakedown load factor, S , the external work 
is equated with internal work for any admissible 
plastic strain rate cycle, ~1?. (x,t). Therefore, S, 
lJ 
can be obtained by equating the external work to the 
internal energy. 
From Eqn. (4.5) one obtains 
T 
•p Jdt J Q ( E · ·) dV 
0 v lJ s 
fdt ( J dV) "' li.cx,t) T. (X:,t) li.cx,t) dS + J B. 
o S2 l l v 
l l 
(4.18) 
It is obvious then from Koiter's theorem that S is 
the smallest multiplier obtained by equating exter-
nal and internal work. Thus any value obtained 
from Koiter's theorem provides an upper bound on 
the shakedown load factor whereas the value 
obtained from Melan's theorem is lower bound. 
4.6 Evaluation of Shakedown Load Factor 
The determination of the shakedown load factor often 
requires the numerical solution of the optimization 
problems given by Eqn. (4.17) or Eqn. (4.18). 
Therefore, the constraints given by Eqn. (4.17) or 
Eqn. (4.18) must be solved by suitably discretizing 
the loading programme, stress field and the yield 
condition. 
4.6.1 Discretization of the Loading Programme 
The loading domain is represented in load space by, 
A 
F(T.) = 0, and shown in Fig. 4.1. 
1 
It can also be 
A 
represented as an unit loading domain, F (T.) = 0, 
0 1 
multiplied by the appropriate load factor, Ss. The 
actual loading history, Ti (x, t), can pass through 
any point inside the loading domain, F(T.) = 0, as 
1 
a certain function of time, t. As the foundation is 
subjected to a cyclic loading programme which passes 
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F0 (Tj) = O; UNIT LOADING DOMAIN 
FIG. 4.1 GENERALIZED LOADING DOMAIN (~~ ={J; HO, 1972) 
beyond the initial yield surface, the yield surface 
will start moving and form a subsequent yield 
surface which changes with time. Shakedown will 
occur if a yield surface can be set up such that it 
contains the loading cycle, Ti (x,t), which means 
the response thereafter will be purely elastic. On 
the other hand, it shakedown does not occur, the 
yield surface will continue to translate each time 
the load cycle is repeated with increased plastic 
deformation leading to incremental collapse. 
The time dependent variable repeated loading 







I ys(t) T 5 (x) 
s=1 
x £ s 2 (Fig. 3.1) 
Ys (t) = s-th load parameter 
(4: 19) 
Ts (x) = constant surface traction (refer-
ence) in the s-th unit load mode 
The simplest load domain ~ in n-dimensional space is 
shown in Fig. 4.2 and it is assumed that the load 
factor, ys(t), can vary within the load space. The 
load factor domain is also assumed to be convex. 
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FIG . 4.2 DIFFERENT LOADING DOMAINS FOR SHAKEDOWN ANALYSIS (a) RECTANGULAR 
LOADING DOMAIN (b) ARBITRARY LOADING DOMAIN (BORKOWSKI AND KLEIBER, 1980) 
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Denoting the corners of the load domain by 
Ysl'···Ysn' and the unique respective elastic 
stress responses corresponding to these load factors 
lE - nE -
as a . . ( x) , . . . a . . ( x) , i t can be shown that a g i v en lJ lJ 
system shakes down to a certain cyclic loading 
process which contains all the vertices of a given 
load domain r2, ce:g. ysl' y
5
n ), then it 
shakes down to any load path contained within r2. 
Therefore, the mathematical problem of Eqn. (4.17) 
is expressed as follows: 
B = Max B 
s 
subject to 
f B a .. t 
kE 
y s lJ 
R 
+ a .. 
lJ 
where k = 1, 2, . . . n 
(X)}< 0 in V 
4.6.2 Discretization of the Stress Field 
(4.20) 
In order to compute, kE a .. lJ (x,t), in the continuum 
formulation, it is necessary to discretize the 
stress field by using finite difference or finite 
element method. It is also necessary to express 
the residual stress field, a~. (x), in terms of a lJ 
discrete number of parameters. Finally, the yield 
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condition isapplied at discrete number of points in 
the body defined here as 'check points'. 
4.6.3 Piecewise Linearization of the Yield Surface 
The evaluation of shakedown load factor, S, from Eqn. 
(4.20) may be carried out as a nonlinear optimization 
problem by satisfying the yield condition at the 
selected 'check points' in the discretized body. 
However, this may lead to computational difficulty 
for large class of continuum problems. Therefore, 
the piecewise linearization of the yield function 
is used here in order to transfer a nonlinear mathe-
matical programming problem to a linear programming 
one. The piecewise linearizaton of the convex yield 
function requires that the yield domain be a poly-
hedron in the stress space and represented by a 
finite number of yield planes. This means that 
instead of satisfying nonlinear constraints at 
selected 'check points' in the discretized body, it 
is sufficient to satisfy a large number of linear 
inequalities at those 'check points'. Therefore, 
the shakedown load factor, S , can be obtained by 
s 
solving a linear programming problem (Maier, 1969). 
Assuming, f Co .. ,E:I?.) < 0, a differentiable yield y lJ lJ -
function such that, f (o .. ) < Q denotes the current y lJ - -
elastic domain in the, 0- -' lJ space, one may write 
. 




E: - -lJ (4. 21) 
The plastic strain rate satisfying the normality 
condition is defined by 
•p 
E: - -lJ 
a£ 
= '1:, y 
ao--lJ 
where ~ = plastic multiplier. 
(4.22) 
The plastic flow rule at the yield limit, fy = O, 
requires A > 0, f < 0, f ~ = 0 and f ~ = 0. The 
- y- y y 
last condition is often termed as a complementary 
condition, which implies that plastic yielding 
(loadingprocess) is active only when the current 
stress, oij, is in contact with yield surface, 
f = 0, and loss of contact of the stress point y 
with the yield surface (f < 0, unloading process) y-
are events which are mutually exclusive. Writing 
the above equations as follows, one obtains 
where 
• ~T • 












. ao .. lJ 
(4·23c) 
The scalar H is defined here as the 'hardening 
modulus', where H > 0 represents work hardening, 
H = 0 elastic-perfectly plastic and H < 0 softening 
behaviour. Of course, H < 0, is not permitted 
because of the Drucker's stability postulate and 
associative nature of the flow rule (normality 
condition). 
Linearizing the continuously differentiable yield 
function, f (o .. , £1?.) ~ 0, into a suitable number y lJ lJ 
of yield planes, R, one can write in matrix form 
the following 
where 
a£ . Yl 
ao 
rs 







i = (1, 2, ... R) 
and 
each element in the vector defines the 
distance of each yield plane, f . = 0, Y1 
from the origin (Fig. 4.3) 












The graphical interpretation of Eqn. (4.24) is 
shown in Fig. 4.3. 
Representing the yield function, fyi' for a 
typical 'check point', j, within the body for ideal 
plasticity (H = 0) one can write 
(4. 26) 
Eqn. (4.26) describes the inequality that represents 
the elastic polyhedron at 'check point' j, in which 
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each of its i = 1, 2, ... R yield planes is identi-
fied with an unit normal vector in, c~a. and a 
element in vector, {K~i)' which represents the dis-
tance of each yield plane from the origin (Fig. 4.3). 
QUADRATIC 
YIELD SURFACE 8 Urs 
LINEARIZED 
YIELD SURFACE 
f ·'0 yt 





4.7 Finite Element Formulation for Dynamic Shakedown 
Analysis 
This section describes the application of the 
finite element method to determine the shakedown 
load for the foundation of a gravity type offshore 
structure subjected to dynamic cyclic loading. For 
the sake of numerical computation, the foundation 
is discretized into an assemblage of four noded 
isoparametric elements following Haldar et al (1982a 
and 1982b). In the present finite element model, 
displacement compatibility across the boundary 
between two adjacent elements is satisfied whereas 
the equilibrium condition will be satisfied only 
in a global sense. 
The foundation is discretized with M number of 
isoparametric finite elements having N° number of 
unconstrained displacements and a finite number of 
subvolumes, V., (j = 1, 2, ... M). 
J 
4.7.1 Evaluation of Internal Work 
The plastic energy dissipation rate, Q ( ~pj) 
rs ' 





and substituting Eqn. (4.25) in Eqn. (4.27) results in 
== 
and 
R a£ . . 
._. Yl n [., acr 0 i i==l rs 
... (4.28) 
a£ . 
== matrix whose columns contain acrYl 
rs 
Therefore the total plastic energy dissipation 
rate for the entire foundation is obtained by 
assembling Q (~pj) over all elements as 
rs 
. 
M (~pj) Q == I: Q 
j==l rs 
Slt~jr [NUT ~ 0 ~ 5) 
~ Pjt T j==l ~ lfj . Yl + Kj -J Ol 
== hV \§\ . . . (4.29) 
where l K0J and i §) collect all the components of 
)K;iJand {~j}for all elements(j = 1, 2, ... M), and 
every yielding mode, (i = 1, 2, ... R). Corres-
pondingly, the vector, 1fyJ' collects all if~iJ· 
The internal work is then evaluated by int~grating 
Eqn. (4.29) over one cycle, T, 
w. lnt ~ 1K0r { n dT 





4.7.2 Kinematically Admissible Plastic Strain 
... (4.30) 
From Eqn (3.381), the bulk load vector, { pB}' for 
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an element, j, can be written in the following form: 
s PBj ~ = J ¢ T ) XB \ dV + J ¢ T { T ~ dS l j V -m 1 y B ~ S 2 -m J 
Assembling over all elements, and using Eqn. (3.25), 
it can now be written as 
where [ G0 ] T 
M 




{Ps} collects all bulk load vectors, ~ {P~) 
dV, 
for the entire assemblage and therefore, { cr~, 
represents the collection of all stress components. 
If no loads are applied to the body, only self 
equilibrating residual stress field will be present 
and equilibrium is provided by 
... (4.32) 
From Eqn. (4.5), for an element j, the external 
work is equated with the internal energy dissipated 
during one cycle, T, and therefore 
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... (4.33) 
Substituting Eqn. (3.25) in Eqn. (4.33) for element, j 





Assembling over all elements j = 1, 2, ... M, one 
can write 
..• (4.35) 
where[GJis known as the assembled compatibility 
rna t r . i x of the en t i r e found at ion s y s t em • [N J = ( 
~1 ~2 ~M) diag. N N ... N represents the matrix 
containing gradient submatrices [Nj] along its 
main diagonal. Each of the block diagonal matrices 
collects the column vectors [N-{] of all the yield 
planes of each element as 
(4.36) 
Correspondingly, the vector, lUJ represents the 
nodal displacements of the discretized system. 
4.7.3 Evaluation of External Work 
Using the virtual work principle and assembling 
over all elements, the total external work during 
one cycle can be expressed as 
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~ } d T f { crE j }T J ~ p jJ d V 
j=l o v. L 
J 
(4.37) 
Assume that ~Pis a vector which has a fixed 
direction in strain space. Let {aE}max indicate 
{crE! the value of which has the largest component 
in the direction of {€P!· Then the following 
inequality holds 
(4.38) 
Substituting Eqn. (4.38) into Eqn. (4.37) and using 













Using Eqn. (4.30) and Eqn. (4.39a), Eqn. (4.18) can 
be rewritten as a programming problem: 
subject to 
where l > 0 
·pj 
and s is compatible ... (4 .40) 
As described in Chapter 3, the soil beneath the 
gravity foundation will be in a state of undrained 
condition during the event of a storm which may 
typically last for several hours and there~ore, the 
dynamic equations of motion for the discretized 
system under undrained state can be written in 
assembled form following Eqn. (3.48) as 
Here, the matrix [K*J, represents the undrained 
stiffness matrix of the entire assemblage defined 
in Eqn. (3.50 ) and is expressed as 
M T 
2: (! l)Jll 
v 
dV + J a 2 M 
v 0 
4.8 Condition For Dynamic Shakedown 
The necessary condition of shakedown for a 
T 
l)J22 
discretized system under dynamical situation can be 
stated as follows: 
"If the system shakes down, then some constant 
plastic multiplier, 6, some initial conditions 
U*(x,t*) U*(x,t*) and a timet*, exist such that the 





c 4. 41) 
The asterisk sign represents the fictitious process 
with suitably adjusted initial conditions so that 
* the response 0(t), becomes periodic (cyclic) after 
time t > t*." 
* -Substituting the value of, 0(x,t) ,from Eqn. (4.7) 
into Eqn. (4.41), one obtains 
(4.42) 
R -
where, 0 (x), defines the time-independent residual 
stress field. 
f*E - l l0 (x,t)J is defined here as the fictitious linear 
elastic dynamic stress response of the undrained 
soil medium to the given cyclic loading, fPB(t)}, 
*E -
after a finite number of cycles. The stress, 0 (x,t), 
* is based on initial conditions of displacement, U 
.* 
and velocity U , which need not coincide with the 
normally assumed zero initial conditions U(x,o) 0.0 
and U(x,o) = 0. 0. 
The fictitious elastodynamic stress response of 
*Ej * •* each element, j, defined as, 0 (t,U ,U ), is 
projected on the outward normal vector, [Nl], of 
each yield plane, i, (Fig. 4.4). Maximizing these 
projections with respect to time, t ~ t*, gives 
where 
M~ = max * 
l t> t 
*E. * • * 
• 0 J (t 'u 'u ) 
[-. -·JT . M i ' M ~ • . • M~ rna x 
and assembling all these M~ vectors in one place, 
l 
one obtains 
{.M} = {.M{} 
where i = 1, 2, . . . R 




Based on the elastic dynamic response computed from 
Eqn. (3.48), using initial conditions e.g. 
* -* ·* ~* displacement U = U and velocity U = U , the 
M-vector is evaluated from Eqn. (4.44). The 
maximum value of, 13, of the programming 








FIG. 4.4 GRAPHICAL REPRESENTATION OF LINEARIZED ELASTIC STRESS DOMAIN, 
MAXIMIZED WITH RESPECT TO TIME, FOR A TYPICAL ELEMENT, j . 
subject to 
(4. 45) 
where Ss is a common multiplier to elastic dynamic 
(or static) stress response and also a function 
* -* ~* -* ~* 
of t , U , U thrmugh M. Assume U and U as the 
particular initial conditions such as displacement 
and velocity which make the fictitious elastic 
response process to be periodic with respect to the 
external cyclic loading. For a general loading 
history, it may be very difficult to obtain an 
-* ~* 
optimum value of S as a function of 6, U and U . 
However, the optimization problem can greatly be 
simplified if the external loading process is 
periodic. In this case, the free vibration part of 
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the response will decay after a finite time l.e. t > Nw 
due to damping and therefore the periodic response 
is described as 
~E cx,t) ~E (x,t+w) ( 4. 4 5a) 
-* ~ * U (t), U (t) represent the displacement and 
velocity at time t = Nw, defined here as fictitious 
initial conditions, which make the response to be 
periodic i.e. independent of the free vibration 
part. By imposing these initial conditions at t = 0, 
4.9 
4. 9. 1 
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the conditions for periodicity as expressed by Eqn. 
(4.46) can automatically be verified for t > 0. 
Linear Programming Formulation 
Primal Problem 
The scalar multiplier factor, 6s, is called 
statically admissible if Eqn. (4.45) is satisfied 
for some a R The search for, 6 ' is a solution 
of the following linear programming problem 
6 max 6 
0 R s 
iJ s ' a 
subject to 
1) [Goy {oR} ~ o 
2) S5 1 M1 + [NJ {oR}~{ K0J 
and 3) s > 0 s 
(4 . 46) 
which can be written in the following 'tableau' 
form 
4.9.2 
S = Max 1 io~ T 
0 [Go] T {o} = 
t ~I} [N_]T fKo1 < 
In order to ensure the nonnegativity of the 
variable {crR}, oile can write 
Then the modified 'tableau' becomes 
(3 = Max 1 {ojT fo}T 




\MJ [N]T - [N]T ~Ko\ < (4.49) 
Dual Problem 
In the linear programming formulation of an optimization 
problem, any maximization problem can be related 
to its counterpart problem such as miminization 
having the same vectors and matrices and connected 
with the former by some duality properties. 
The matrix formulation of Eqn. (4.40) is furnished 
through Eqn. (4.30) for internal work, Eqn. (4.35) 
for the condition of kinematically admissible 
plastic strain rate cycle and Eqn. (4. 39a~) for 
external work. Therefore, the dual programme is 
written in the following matrix form: 
s = ... (4.50) 
subject to 
- [NJ {6} 0 
In order to ensure the nonnegativity of the 
variabley {U}, one can write 
{U} = {U}+ {U} ... (4.51) 
with {U}+ > 0 and {U} > 0 
Therefore the above Eqn. (4.51) is expressed in 
the 'tableau' form as 
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4.10 
{u + u ~- [~ (4.52) 
S = Min t 0 J T {ojT { Kol T 
[Go] -(Go] -[N J {o} 
fo}T fo]T IMJ 1 
The dual problem, Eqn. (4.52), has as many 
variables as Eqn: (4.49), the primal problem, has 
number of constraints. The computation time is 
proportional only to the number of variables but 
vary to the cube of the number of constraints. 
Therefore, formulation as described by Eqn. (4.52) 
is more attractive from computational standpoint. 
Dead Load 
If the foundation is subjected to non-repeated 
loading such as gravity loading, TD , below the 
bearing capacity of the foundation in addition to 
the variable repeated or cyclic loading,{~}, the 
loading programme then may be written as 
(4.53) 
The energy balance of the external and internal 




Therefore the modified 'tableau of Eqn. (4.52) 
taking into account the effects of non cyclic 
loading (e.g submerged weight of the structure) 
becomes 
1 u_1 + { u 1- {~) 
S= Min 
-1T D 1 T iTD~ T {Ko} T 
[Go] -[Go] -[N] 1o} 
{o \T fO )T {M~T 1 
Summary of Steps to Evaluate the Shakedown Load 
Factor for the Offshore Foundation Problem 
Step 1. Carry out the dynamic analysis with 
prescribed initial conditons, or static 
analysis depending on the nature of the 
problem for the prescribed load domain. 
For static response, consider the peaks 
of the loads (maxima), and for the 
dynamic response, adjust the initial 




periodic with respect to the cyclic wave 
loading. 
4.12 
Step 2. Maximize these stress response vectors 
with respect to the assumed linearized 
yield planes, so that the vector, fMJ may 
be constructed. 
Step 3. Construct the global compatibility [Go] 
and gradient, [NJ, matrices for the 
entire structure-foundation system. 
Also, compute the global {K 0 } vector 
based on the individual yield plane, (i = 
1, 2, ... R) and assembling over all 
elements (j = 1, 2, ... M). 
Step 4. Carry out the minimization problem based 
on the linear programming 'tableau' given 
by Eqn. (4.55). 
Checking of Computer Programme 
Two types of problems are chosen in order to 
compute the shakedown load factors based on the 
kinematic formulation given in Eqn. (4.55). These 
problems are i) a thick cylinder and ii) a strip 
footing. Both problems are analysed assuming a 
plane strain condition. 
11 7 
4.12.1 Shakedown Load For A Thick Cylinder 
The thick cylinder shown in Fig. 4.5(a) is 
subjected to an internal pressure and has . a ratio 
of outer to inner radius of 2.50. The quarter of 
the cylinder is discretized because of the 
t 
symmetry. Three types of finite element meshes 
are considered for the analyses and shown in Figs. 
4.5(b) , 4.5(c) and 4.5(d). The internal 
pressure, P
0
, is assumed to vary repeatedly 
* between zero and some prescribed values, P . 
The material properties used in all the analyses 
are E_ = 0.50 x 10 3 , v = 0.30 and 0 = 0.418 MPa 
0 0 
0 
where E = Young's modulus, v = Poisson's ratio and 
0 = uniaxial yield stress in tension. 
0 
The material is assumed to be elastic-perfectly 
plastic and obey Von Mises yield condition. Six 
linearized planes are used to describe the yield 
surface. 
The theoretical solutions for elastic and limit 
pressures are given by the following two equations 
(Hi 11 , 19 50) as 






0 < Po< p* 
FIG. 4.5 (a) THICK CYLINDER UNDER REPEATED 
INTERNAL PRESSURE. 
119 





FIG. 4 . 5 (b) FINITE ELEMENT IDEALIZATION OF A THICK 





FIG. 4.5 (c) FINITE ELEMENT IDEALIZ-ATION OF A THICK 





FIG. 4 .5 (d) FINITE ELEMENT IDEALIZATION OF A THICK 







Pc = limit pressure 
b 
= Zc ln (•-) a 
where 
b = outer radius 
a = inner radius 
c = oo/~ 
0 = yield pressure for uniaxial tension 0 
K bulk modulus E = = 3(1-2v) c 
G shear modulus E = = 2(1+v) 
\) = Poisson's ratio 
Because of the one parameter loading arrangement, 
theoretical limit pressure, pc is equal to the 
shakedown pressure Ps. Table 4.1 provides limit 
pressures for three types of mesh arrangements. 
It is seen from Fig. 4.6 that as the number of 
elements increase the solution converges quite 
rapidly to the theoretical values. In Fig. 4.6 
the elastic shakedown and collapse pressures are 
expressed in nondimensional form such as elastic 
pressure = Pe/c, shakedown pressure = Ps/c and 
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TABLE 4.1 - INFLUENCE OF NUMBER OF ELEMENTS 
ON SHAKEDOWN LIMIT PRESSURES 
~25 
Theoretical 
Number Elastic Shakedown Collapse 
of Nodal Number of Pressure Pressure Pressure 
Points Equations CPe/c) CPs/c) CPc/c) 
30 54 1.22 1.94 1.83 
40 72 0.96 1.88 1.83 
60 108 0.92 1.84 1.83 
4.12.2 Shakedown Load For A Strip Footing 
The application of the kinematic shakedown formu-
lation as described before is illustrated -by the 
case of a strip footing underlaid by a shallow 
stratum of clay under undrained condition. The 
• loading magnitude is assumed to vary repeatedly 
downwards between zero and some prescribed value 
and is defined here by a dimensionless parameter, 
F, equal to the ratio of the applied load per unit 
area to the undrained shear strength (i.e. F = A: 
u 
where W = load, A = area and su = undrained shear 
strength of the soil). 
The soil medium is assumed to be homogeneous and 
isotropic. The finite element mesh of the strip 
footing is shown in Fig. 4.7. It consists of 45 
nodes and 32 four noded rectangular isoparametric 
elements. The ratio of the footing width to the 
depth of the stratum is 0.80. Due to symmetry, 
only half of the footing geometry and the mesh is 
shown. Vertical side boundary is placed at a 
distance eight and a half times the width of the 
footing and assumed to be smooth. The bottom 
boundary is assumed to be rough and rigid. The 
footing is assumed to deform under plane strain 
condition. Reduced integration technique is used 
126 
to ensure the nearly incompressibility of the soil 
medium. 
In the undrained analysis the soil is modelled as a 
weightless two-phase material with s = 100 KPa 
u 
and ~u = 0, where su = undrained shear strength 
and ~u = angle of internal friction. The drained 
elastic Lame's parameters A.= 150 s , ll = 100 s 
. u u 
and drained Poisson's ratio, vd = 0.30 are assumed 
for the soil skeleton whereas the bulk modulus for 
pore water is assigned as K = 2000 MPa. This 
w 
gives an equivalent undrained Poisson's ratio, vu 
~ 0.499 approximately ensuring the nearly incom-
127 
pressibility of the soil medium. The soil behaviour 
is assumed to be elastic-perfectly plastic and obey 
the Von Mises yield condition. Six linearized 
planes are used here to describe the yield 
condition. 
The repeated vertical pressure is applied at nodes 
1, 6 and 11 (refer Fig. 4.7). The stress fields 
comprising of a , a , a and T for all the 
x y z xy 
elements are obtained from which the elastic limit 
pressure is computed by observing the pressure at 
which any one of the elements becomes first plastic. 
The shakedown limit pressure is obtained by first 
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elements following Eqn. (4.43) and then solving 
the mathematical programming problem as given by 
Eqn. (4.55) using the maxima of these elastic 
responses. Total number of constraints and 
variables for this problem are 97 and 320 respec-
tively. The typical CPU time required is 20 
. 
minutes and the major portion of this time is 
spent in solving the programming problem. 
Table 4.2 shows the elastic and shakedown limit 
pressures in dimensionless form. Because of the 
one parameter loading situation, the shakedown 
pressure, Fs, will be equal to the collapse 
load, Fe, which is given theoretically as Fe= 
(2+rr)s in which Fe is the failure pressure 
u 
(Hill, 1950). For a strip footing the above 
pressure is a true load because the applications 
of the two limit theorems (e.g. upper bound and 
lower bound) provide the same results. However, 
the shakedown pressure computed from Eqn. (4.55) 
will give an upper bound solution which is 4.65% 
higher than the theoretical collapse pressure. 
The elastic limit pressure, Fe, is only 4.50% 
1 29 
higher than the theoretical value (Jumikis, 1969). 
The strip footing problem is also run with a free 
lateral boundary and smooth rigid bottom. In this 
case the first yield occurs at a lower applied 
pressure because of the reduction in horizontal 
normal stress. The computed value of the first 
yield in dimensionless form is 2.18 (Table 4.3). 
The shakedown pressure shown in Table 4.3 is 2.42. 
Hill (1950) computed the ultimate load for the same 
problem as 2.57.• Therefore, the comparison shows 
excellent agreement with the published values thus 










TABLE 4.2 - COMPUTATION OF ELASTIC AND 
SHAKEDOWN LIMIT PRESSURES FOR 




Number Number Number Limit Limit 
of of Nodal of Pressure Pressure 
Elements Points Equations (Fe Is ) (F sIs ) 
u u 
32 45 64 3.28 5.38 
TABLE 4.3 - COMPUTATION OF ELASTIC AND 
SHAKEDOWN PRESSURES FOR A STRIP 
FOOTING (HILL'S PROBLEM, 1950) 
Elastic Shakedown 
Number Number Number Limit Limit 
of of Nodal of Pr,essure Pressure 
Foundation Elements Points Equations (Fe Is ) (Fs Is ) 
u u 




DYNAMIC RESPONSE ANALYSIS 
USING NONLINEAR SOIL MODELS 
5.1 Introduction 
This chapter presents the formulation of three 
different types of soil constitutive relationships 
which will be used in the dynamic response analysis 
of a gravity type offshore foundation. Research in 
the field of earthquake engineering has shown that 
the soil deformation can vary from small to very 
large amplitude depending on the nature of the 
dynamic loading. Cyclic loading causes permanent 
deformation and thus strain, under both drained and 
undrained conditions. The permanent strains are 
cumulative in nature i.e. carried over from one cycle 
to another and remain even if the cyclic loading has 
been terminated. The amount of straining depends 
primarily on the soil type, average effective 
confining pressure, void ratio, degree of saturation, 
frequency of vibration, over consolidation ratio 
(OCR), etc; 
The chapter is divided in three sections. The first 
section describes the formulation of the three types 
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of soil modellings: These are a) elastic b) 
equivalent linear and c) incremental nonlinear 
elastic-plastic. Although the equivalent linear 
model is quite popular in the field of earthquake 
engineering, it fails to provide any information 
on the permanent deformation which is of great 
concern to the tlesigner of an offshore platform. 
Nevertheless, the analysis can still provide some 
valuable information on strain compatible soil 
properties which will provide a realistic soil 
stress distribution. On the other hand, the 
incremental elastic-plastic analysis coupled with 
direct time step integration approach is capable 
of predicting the permanent deformation history. 
However, in an incremental stress-strain relation-
ship, the solution has to proceed in small time 
steps thus limiting the analysis to a very few 
number of cycles. 
The second section presents the incremental 
formulation of dynamic equations of motion in 
time domain. A computer code has been developed 
for the dynamic response analysis of an offshore 
gravity foundation based on the above soil 
modellings. An example problem is illustrated 
with particular reference to the prediction of 
permanent deformation of a strip footing under 
repeated vertical loading condition. 
s.z Soil Models 
The mechanical behaviour of saturated soils leads 
to very complicated stress-strain relationship. 
Therefore, the successful modelling must at least 
consider the two-phase characteristics where the 
behaviour is primarily affected by the hydrostatic 
pressure, fully controlled by the effective 
stresses, the applied total stress and its past 
history. The undrained behaviour of the soil-
foundation system is given by Eqn. (3.38j) where, 
[Kss]' represents the undrained stiffness 
matrix and expressed as 
T J ~11 Dsd ~11 
v 
dV + fa 2M 
v 0 
T ~22 ~22 
If the stress-strain relationship cannot be 
expressed uniquely and is somewhat dependent on 
loading history or strain, the constitutive 
matrix, [Dsd], must be updated in order to make 
it either strain compatible for equivalent linear 
model or function of existing state of stress 
incremental nonlinear model. However, for an 





5. 2. 2 
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Linear Elastic Model 
Among the soil models proposed in the literature, 
the elastic model is the simplest, where the 
stress-strain relations are reversible and have no 
time-delay. The elastic model still can provide 
some useful results, which gives the starting 
point of developing other more complex models. 
The elastic response analysis requires the elastic 
properties of the soil and structure e.g. usually 
defined by Lame's constants, as the input. 
Equivalent Linear Model 
The equivalent linear model is used here to study 
the dynamic response of the soil-foundation system 
to wave excitation. The method was originally 
developed for the dynamic response analysis of 
soil deposits to seismic excitation. The basic 
assumptions which were made in formulating the 
equivalent linear model were: a) seismic excitation 
is primarily due to shear waves propagating vert-
ically and b) the strong nonlinear characteristics 
of the soil may be modelled by a viscously damped 
linear oscillator whose properties such as stiff-
ness and damping are strain dependent. 
Extensive experimental research on dynamic soil 
properties has shown that dynamic soil properties 
such as shear modulus and damping are strain 
dependent. The shear modulus decreases with 
increasing strain amplitude whereas damping 
increases with the strain amplitude of the 
t 
loading as shown in Fig. 5.1. 
From the extensive series of reversed torsional 
tests on cohesive and cohesionless soils and the 
information already available in the literature, 
it is reasonable to assume that a modified 
hyperbolic curve will satisfactorily represent 
the shearing stress-shearing strain relationship 
throughout the range of strain amplitude up to 
failure. Fig. 5.2 shows the factor which governs 
the basic hyperbolic shearing stress-strain 
curve. At zero shearing strain, the tangent to 
the curve represents the maximum shear modulus, 
The secant modulus at any point along 
the curve for example, point A is designed as, G, 
and the maximum shearing stress as, Tmax' 
(determined from a simple shear test). The 
horizontal line at the ordinate of, Tmax' is 
the second asymptote to the hyperbolic curve as 
shown in Fig. 5.2. Gmax and Tmax can be 






















FIG. 5.1 ILLUSTRATION OF STRAIN DEPENDENCY 
OF MODULI AND DAMPING IN SOILS 
(SEED AND IDRISS, 1969} 
T 
















FIG. 5.2 BASIC PARAMETERS FOR HYPERBOLIC SHEARING 




s.z.Z.l Variable Stiffness and Damping Solution 
The basic procedure adopted in an equivalent 
linear model is that the dynamic response of the 
soil-foundation system may be approximated suffic-
iently by a damped linear viscous oscillator if 
the properties df this oscillator (e.g. stiffness 
and damping) are chosen properly. An iterative 
method is normally used in order to derive these 
properties. While using this method in the finite 
element analysis, the stress-strain character-
istics of the soil are assigned in each element 
with the following four properties; a) maximum 
shear modulus, G , defined as the shear 
max 
modulus at low strain 10- 4 % level b) maximum 
damping, D , (= 2 9 %) c) Poisson's ratio and d) max 
estimated shear modulus, G, for the first 
iteration. The average in-situ shear moduli for 
saturated clays are shown in Fig. 5.3. These 
curves are also tabulated in Table 5.1 and are 
shown in Fig. 5.4 in terms of G/G and damping 
max 
ratios, D. 
In the first cycle of the analysis, initial 
values of shear moduli and damping ratios are 
chosen and a dynamic linear elastic response 
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SHEAR STRAIN- PERCENT 
FIG. 5.3 IN- SITU SHEAR MODULI FOR SATURATED CLAYS 
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DYNAMIC RESPONSE ANALYSIS 
(SEED AND IDRISS, 1969) 
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TABLE 5.1 - STRAIN-COMPATIBLE SOIL PROPERTIES 
(SEED AND IDRISS, 1969) 
Shear Fraction of 
Effective Modulus Critical 
Shear Strain log ( Y eff) Reduction Factor* Damping (%) (%) Clay Clay 
1 . X lo-4 -4.0 1.000 2.50 
• 
3.16 X 10-4 -3.5 0.913 2.50 
1.00 X 10-3 -3.0 0.761 2.50 
3.16 X 10-3 -2.5 0.565 3.50 
1.00 X 10-2 -2.0 0.400 4.75 
3.16 X 10-2 -1.5 0.261 6.50 
1.00 X 10-1 -1.0 0.152 9.25 
0.316 -0.5 0.076 13.8 
1.00 0. 0.037 20.0 
3.16 0.5 0.013 26.0 
10.00 1.0 0.004 29.0 
* This is the factor which has to be applied to the shear 
modulus at low shear strain amplitudes (here defined as 
lo-4 percent) to obtain the modulus at higher strain 
levels. 
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histories of the wave force which may contain 
several number of cycles. The maximum shear 
strain, Ymax' is selected for each element in 
order to compute the new strain compatible shear 
modulus and damping ratio. Having computed the 
143 
new value of shear modulus and damping ratio for 
each element depending on the maximum shear strain 
level, a second analysis is carried out for the 
next iteration. The procedure is repeated until 
no significant changes in moduli or damping 
ratios are observed for all elements. The final 
response obtained from the last iteration is 
assumed to be a reasonable approximation for the 
true nonlinear response. 
In the variable stiffness and damping solution, 
the stiffness and damping submatrices are formed 
for each element and then all element submatrices 
are assembled in global form in a conventional 
manner. The global stiffness and mass matrices 
are computed and an eigenvalue analysis is 
performed. In order to compute the damping 
submatrix of an element, J, the Rayleigh type 
damping is assumed. For an element, j, 
( 5. 1) 
in which [c] ., [m]. and [k]. are the 
J J J 
damping, mass and stiffness submatrices 
respectively and B1 and B2 are parameters 
which are functions of the damping ratios _ and 
stiffness characteristics. The Rayleigh 
parameters B1 and B2 are expressed as 
and 
where, D., represents the strain dependent 
J 
( 5. 2) 
damping ratio for element j, obtained from Fig. 
5.4 and Table 5.1 and, w1 , represents the 
fundamental frequency of the soil-foundation 
system. [ m J and [ k] are g i v en by E q n . ( 3 • 3 6 ) . 
The global damping matrix, C* ,for the entire 
assemblage is formed by appropriate addition of 
the damping submatrices of all finite elements in 
the discretized model. Thus if, ckl' represents 
(kl)-th term of the damping submatrix [c]j of a 
typical element j, the kl-th term of the damping 
matrix of the entire system of M-elements is 
given by 
M j 




The resulting damping matrix is symmetric and 
normally sparsely populated. The response 
(displacement) from Eqn. (3.48) is obtained by a 
step-by-step integration procedure described in 
the next section. Haldar et al (1980) have used 
the equivalent linear model in the dynamic 
response analysis of a submarine pipe line to 
seismic excitation and observed the significant 
effect on the stresses in the porous bed around 
the pipe. 
Elastic Plastic Model 
The primary assumption of the incremental 
elastic-plastic soil model is that the total 
strain increments are separable into elastic and 
plastic components, in which the elastic part is 
linearly related to the stress increment. The 
plastic component of the strain increment is 
defined by means of a plastic potential, g, and 
yield functions, f . The stress level at y 
which plastic strain develops is defined by the 
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yield function whereas the plastic potential 
function defines the distribution of the plastic 
strain increment during the plastic flow. The 
magnitude of the plastic strain is determined by 
a particular work-hardening relationship. If the 
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yield surface is defined by a continuous differ-
entiable function, f , the three possible y 
loading states, which will be encountered during 
an incremental load path, are as follows: 
1) During the loading state the stress increments 
are directed outwards from the yield surface 
and as such• 
{jf 
y 
3 do. . > 0 0. . lJ lJ 
(5.4a) 
2) During the neutral loading state, the stress 
increments will remain tangent to the yield 
surface and as such 
3£ 
y d 
"' 0 .. 
o0 · . lJ lJ 
0 (5.4b) 
and 
3) During the unloading state, the stress 
increments are directed inwards and as such 
3f y 
3 do. . < 0 0. . lJ lJ 
(5.4c) 
In the associative flow theory of plasticity, the 
yield function, f , is assumed to coincide with y 
the plastic potential function, g. In deriving 
the elastic-plastic stress-strain relationship in 
an incremental form, a single continuous yield 
function, fy,is assumed and the total strain, 
dE .. , given by lJ 
where 
E dE .. = lJ 
dEl?. = lJ 
and dE .. lJ = 
dE· · lJ dE~. + dE~. lJ lJ 
ela•st ic strain component 




The strain increments for three dimensional stress 
state is represented in vector form as 
T {dE .. } lJ 
and in two dimensional stress state 
T { d£ .. } lJ < dE dE dE dy ") x y z xy 
5.2.3.1 Elastic Strain Increment 




The elastic strain increments are related to the 
effective stress increments as 
{do! . } lJ = 
E {dE· ·} lJ ( 5. 7) 
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' where {do .. } lJ = effective stress increment 
vector 
and 
[Dsd] = drained elastic stress-strain 
matrix as defined by Eqn. 
(3.38i) 
5.2.3.2 Plastic Strain Increment 
The initial and subsequent yield condition for any 
work hardening model can be written as 
' fy ( 0 .. ' lJ E~ . , b) = 0 lJ 
' p in which, o .. , s .. , and bare the effective 1 J lJ 
( 5. 8) 
stress components, the plastic strain components 
and a material constant respectively. The 
constant, b, is a function of effective plastic 
. -p 
strain, e . 
The flow rule, which relates the relative 




a o! . 
l.J 
( 5. 9) 
and the equivalent plastic strain 
(5.10) 
The vector of stress gradient is expressed as 
rf r ~f 3£ 3£ afy] y - y ___L ___L (5.11) 30i_j 30~ 30' 30 1 3T y z xy 
5.2.3.3 Work Hardening Law 
The work hardening law determines the actual 
magnitude of the plastic strain increment caused 
by a given stress increment. Therefore, the work 
hardening law is defined here as the relationship 
between the effective stress level and the plastic 
work done per unit volume and expressed as a 
function of equivalent plastic work as, Q(sl? .) lJ 
and in matrix form. 
Q(sl? . ) lJ 
5.2.3.4 Incremental Formulation 
The incremental method assumes that during 
(5.12) 
yielding, the function, fy, should satisfy the 
consistency condition and therefore 
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or 
df = 0 y 
{afy 1T ldo! ·J +lafy ~T 1dsl? ·J ao!. lJ asl?. lJ lJ lJ 
where 





Using the elastic strain to effective stress 




Substituting Eqn. ( 5. 5) in Eqn. (5 .15), on·e obtains 
... (5.16) 
Substituting the flow rule from Eqn. (5.9) into 
Eqn. (5.16), one obtains 
+ y 0 ... (5.17) 
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Writing the Eqn. (5.17) in the following form, we get 
where 
H = ~ dsl'. lJ dt:l?-lJ 
(5.18) 
... (5.19) 
Solving for/:.. from Eqn. (5.18), one obtains 
... (5.20) 
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The term in the bracket (.) is defined as the 
desired elastic plastic stress-strain matrix, 
which is symmetric because of the associative 
nature of flow rule. If, H, is zero, no work 
hardening is present and therefore the assumption 
of elastic-perfectly plastic model is valid. The 
strain increment is defined as 
-
where ~ is arbitrary 
and 
{da} [osd] {dE} - [usd] i~ 
[nsd] 1~ 6 
(5.22) 






L r::~J [nsd] {::;1 - H (S.23b) 
If H = 0, one obtains 
taa) ~sa]taEJ - [nsd] -1 {aE} L L 0 
(5.24) 
which implies that the plastic deformation will 
progress at constant stress level. 
5.2.3.5 Drucker Prager Model 
The Drucker Prager yield criteria is quite often 
used in the elastic-plastic finite element 
analysis and may be considered as a first attempt 
to approximate the well-known Mohr Coulomb failure 
criteria by a smooth surface (Fig. 5.5). The 
yield criteria is expressed in terms of the two 
stress invariants (first and second) together with 
two material constants a and b. The yield 
function is expressed as 
f y 0 ... (5.2Sa) 
Drucker- Prager cp >0 
u 
-cr3 cr1 = a-2 = a-3 






FIG. 5.5 TYPICAL YIELD FUNCTIONS IN GENERALISED STRESS-
SPACE ( ZIENKIEWICZ, 1977) 
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The constants a and b are called the material 
parameters which are related, in the case of plane 












The characteristics of undrained clays satisfying 
'zero volume change' condition can be modelled 
mathematically by Von Mises yield criteria. This 
model is only applicable to undrained clays which 
have a constant shear strength. The undrained 
shear strength of clay, su, is then simply 
related to second invariant of stress, J 2 . 
The equation of the Von Mises yield surface is 
expressed as 
0 
The terms J 1 and J 2 are the first and second 
invariant of stresses and expressed as 
a! . lJ (a' + X a' y + a') z 
(5.25d) 
(5.26a) 
= 1/2 s .. s .. lJ lJ 
= 1/6 I 





= 0 - 3 X X 
s 
Jl 
(5.26c) = 0 3 y y 
and s 0 
Jl 
= 3 z z 
The stress tensor, 0 .. ' lJ can then be expressed in 
terms of J 1 and S .. as lJ 
o .. = 1/3 Jl o .. + s .. = 0 + s .. IJ IJ IJ mm IJ 
where, o .. , is Kronecker delta. The mean lJ 
hydrostatic pressure, o~m' causes volumetric 
change whereas the deviatoric stress, S .. , lJ 
causes shape change in a soil element. 
(5.26d) 
For perfect plasticity, b, is constant and can be 
expressed uniquely. However, for isotropic 
hardening, b, is not constant and is a function of 
accumulated increments of effective plastic strain 
and expressed as 
b = b ( eP) (5.27) 
where eP = effective plastic strain 
For yielding under an uniaxial state of stress on 
a soil sample in vertical direction, cr , is active y 
and all other stress components are zero. The 
yield function given by Eqn. (5.25a) becomes 
ao + 
6




Substituting Eqn. (5.28) in Eqn. (5.25a), the 
effective stress, o, is expressed as 
-
0 
aJ + 1 
a + 1 [3 
The yielding occurs when o ' = 0 y 
(5.29) 
By putting a = 0, 
one obtains the Von Mises yield condition and the 
effective stress. 





Using Eqn. (5.25) and Eqn. (5.26), it can be shown 
that 
a£ ·f:~~j + a£ . { :~~j ___:t_ ___x_ aJ 1 3J2 
ao .. + sij/2 ~ . . . ( 5 . 31 ) lJ 
Substituting Eqn. (5.9), (5.29) and (5.31) in Eqn. 




s ... (S .. mm 8 . . ) s .. (5.32) 0 .. = + = ZJz . . . lJ lJ lJ lJ lJ 3 
one obtains 
dQ(EJ? · ) dep ~t::rJ T - I = 0 = 0 .. lJ lJ 
= 
(} (ao .. + :/h) 0 ~ . lJ lJ 
= 
(} (aJ 1 +Pz) 
6. (a + 1 a) (5.33) = F . . . 





From Eqn. (5.33) 
dep = ~ (a + ~)and using Eqn. (5.34b) one obtains 
(a+ 6) 
dep ~del?. p (5.34c) = de .. . . . lJ lJ v 3a2 + 1/2 
Finally if a= 0, one obtains the Von Mises effect-
ive plastic strain increment from Eqn. (5.10). 
The elastic plastic constitutive relationship ex-
pressed by Eqn. (5.21) can be presented after using 
Eqn. (5.31) and Eqn. (5.32) as follows 
[ s .. J[ s .. JT[ J ao .. + lJ ao .. + lJ D d lJ 2 J lJ 2 J s 
2 2 
t S .. JT [ ] [ S .. J ao .. + lJ D d ao .. + lJlJ 2 J s lJ 2 J 2 2 
... (5.35) 
where [D;~] is the desired elastic-plastic 
constitutive matrix based on effective stress 
vector. 
From Eqn. (5.19) 
ffY rf ~ a£ V dsi?. H aEL ,Y + y p = ds .. a ai_j aeP lJ lJ 
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rf r 1 ::~J + a£Y ab = dEij ab aeP (5.36) 
For elastic-perfectly plastic material 
afy 
= 0 and P 
as .. lJ 
= 0 and hence H = 0 
5.2.3.6 Undrained Elastic-Plastic Stress-Strain 
Relationship 
For the solution of general boundary value 
problem under undrained condition, the total 
stress is expressed in terms of effective 
stress, a' . . , and pore pressure, p, from Eqn. (3. 6e) 1] 
as 
a . . = a ! . + cS •• ap lJ lJ lJ (5.37) 
Using Eqn. (5.35) and Eqn. (3.6e) under undrained 
condition, (~ = 0) one can write, 
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... (5.38) 
where [D;al is defined as solid skeleton 
constitutive , matrix. It has been pointed out 
before that the constitutive matrix, [D;d]-, is 
responsible for all deformations due to material 
nonlinearity. The elasto-plastic form of the 
[D~~] matrix is given by Eqn. (5.38) and after 










B ;;; _L = ll dJ2 zFz 
L = 3a 2 (3A + 2~) + ~ 
Ell = a (3A + 2~) + 2 BSx 
E 22 = a (3A + 2~) + 2 BSY 
E33 = a (3A + 2~) + 2 BS 2 (5.40) 
5.3 Solution for Equations of Motion 
The general dynamic equations of motion of a 
gravity type offshore structure-foundation system 
resting on saturated soils can be written in a 
global assembled form as 
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[M*] {U} + [C*] {U} + [K*] {U} = {PB} ... (5.41) 
where, [M*], [C*] and [K*] are the assembled 
global mass, damping and stiffness matrices 
respectively. {PB} is the global load vector 
which takes into account the effect of wave 
loading. 
For, linear systems, Eqn. (5.41) can be solved by 
any one of the following methods. 
5.3.1 
a. Modal analysis or modal superpositon. 
b. Direct integration. 
c. Fourier analysis or complex response. 
In linear analysis the response can be computed 
either in the time domain or in the frequency 
domain, but for a true nonlinear analysis 
(geometric or material) time domain is the most 
suitable one. 
Equations of Motion in Incremental Form 
In the case of a nonlinear system, the incremental 
form of the equations of motion can be expressed 
in the following form for time, t+T, as: 
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- .. 
[K*] {L\U} ={PB}t+T- {R}t - [M*] {U}t+T- [C*] {U}t+T 
(5.42a) 
where 
= { U} - { U} 
- t+T - t (5.42b) 
= incremental displacement vector 
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(5.42c) 
= residual load vector computed from the 
stresses vector (o)t, at time t for all 
elements and [t]T obtained from Eqn. (3.25). 
and 
T = incremenn of time step. 
Several methods are available for solving the above 
equations of motion using direct integration 
scheme. In this investigation, an implicit inte-
gration scheme is used where the solution is 
advanced by one time step interval, 6t. The values 
of the displacement and its derivatives at one 
instant of time is then used to determine the 
values at subsequent time steps by means of recur-
renee relationships. 
5.3.1.1 Wilson - 8 Method 
In this method, the integration is advanced by 
first linearly interpolating to a hypothetical 
time step increment, T = G~t, (8 = 1.37) and thus 
obtaining the displacement and its derivatives 
at T = 8~t, time point. Later the displacement, 
and its derivatives at t = t+6t are computed by 
the averaging procedure. 
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The linear acceleration method assumes that the 
velocities and displacements are related to the 
acceleration in the following form: 
iJ ut T (Ut+T ut) (5.43a) = + 2 + -t+T 
2 .. 
u ut TU = + 
-=-t +T -t 
T (Ut+T 2Ut) (5.43b) + 6 + 
which gives 
u = ~ 6 u - ~u - 2 ut 
-t+T 2 - T-t (5.43c) 
T 
and 
T ZUt (5.43d) 
Substituting Eqns. (5.43c) and (5.43d) in Eqn. 
(5.42a) one obtains 
"' [K]t {6U} = {PB}t+T (5.44) 
"Where 




{PB}t+T = effective load vector 
(5.44b) 
5.3.2 Incremental Analysis 
In an elasto-plastic analysis, the stress-strain 
relationship is generally formulated in an 
incremental form. The basis of the incremental 
formulation is to subdivide the real loading 
function into a finite number of small increments 
which are then prescribed one at a time. During 
the load increment, the stiffness matrix remains 
constant for that loading step. As the load is 
increased, the foundation reaches its elastic 
limit when the highest stressed element begins to 
yield following a specific yield model. Once the 
material has yielded, the stress-strain 
relationship can only be defined in terms of 
existing state of stress and can only be 
evaluated in an incremental form. The stiffness 
matrix is recomputed at every load step by 
substituting the appropriate elastic-plastic 
stiffness matrices for yielded elements. During 
each time of load step increment, an iterative 
approach in combination with the well known 
modified Newton-Raphson (MNR) technique is used 
with the total applied load subdivided into a 
finite number of load increments. For a dynamic 
analysis this means the evaluation of the 
effective load vector at each time step. 
For each load/time increment, the incremental 
deflection is determined using the modified 
Newton-Raphson technique. If the solution at the 
start of a load increment is known, the tangent 
stiffness matrix at that point can be computed 
and used to obtain an initial linear estimate of 
the deflection at the end of the increment. 
However, since the load-deflection or stress-
strain curve of the soil is non-linear, the 
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actual load the system can support at this deflec-
tion is less than the applied load and thus a 
load unbalance exists at the end of the first 
iteration. The unbalanced loads are applied to 
the system and a revised estimate of the incre-
mental deflection is determined using the same 
tangent stiffness matrix evaluated at the previous 
point. This process is repeated until a saw-tooth 
type convergence is achieved. 
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5.3.2.1 Iteration of Equilibrium Equations 
Eqn. (5.44) was obtained by linearizing the system 
response about the configuration at time t = t+T. 
It may be noted here that the errors in the 
linearization can be expected to be small provided 
the load increments or time steps are very small. 
As the time step increment becomes very small, 
the cost of the analysis will increase tremend-
ously and thus it is quite often necessary to 
imply larger time step increment for dynamic 
analysis or load step increment for static 
analysis. This large increment can introduce 
gross instability by slowly drifting away the 
computed solution from the exact solution. This 
is much more pronounced in the dynamic analysis 
than in the static analysis, since in the dynamic 
analysis the solution is always dependent on the 
past history. Therefore, in order to obtain a 
reasonable accurate solution, equilibrium 
iteration is necessary within a load and/or time 
step with a required tolerence criteria. 
The basic equations for equilibrium iteration are 
obtained by using modified Newton-Raphson (MNR) 
technique and are given in matrix form as 
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= {P } ( i -1) 
B t+T (5.45a) 
where 
{6U}(i) (5.45b) 
and i = number of iterations within a particular 
time or/load step. 
Eqn. (5.45a) forms the basis for the iterative 
solution of Eqn. (5.44) with the following 
initial conditons as 
{R} and {6U } C 0 ) = 
t - t+T 
(5.46) 
The iteration procedure is continued until a 
suitable convergence has been achieved in the 
solution process during a particular time/load 
step increment. The suitable convergence 
criteria is obtained by specifying a fixed 
tolerance (RTOL) at the beginning of the solution 
and by checking the ratio of the norm of the 
increment of displacement to the total 
displacement as 






s.4 Permanent Deformation of A Strip Footing 
The incremental elastic-plastic analysis is used here 
to compute the permanent shakedown displacement of a 
strip footing under cyclic vertical loading condition. 
The analysis is carried out for a first few cycles of 
the loading until a• steady-state condition is reached. 
The simple finite element model of a strip footing 
underlaid by a shallow stratum of clay under undrained 
condition is shown in Fig. 5.6. The mesh consists of 
32 elements and 45 nodes. The ratio of the footing 
width to the depth of the stratum is 0.80. Because 
of the symmetry of the vertical loading, the mesh for 
half of the footing is shown in Fig. 5.6. The load-
ing diagram is similar to a triangular pulse with a 
period of 1 second. The loading magnitude is defined 
by a dimensionless parameter, F, equal to the ratio of 
weight per unit area to the undrained shear strength 
(i.e. F = W/Asu in which W is the vertical load, A= 
area of the strip footing and su = undrained shear 
strength of the soil). Five cycles of loading (5 
seconds duration) are considered in the analysis and 
a total of eighty (80) load steps are used in order 
to trace the entire load path. 
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eight and a half times the width of the footing and 
assumed to be smooth. The bottom boundary is assumed 
to be rough and rigid. The footing is assumed to 
deform under plane strain condition. Reduced integra-
tion technique is used to ensure the nearly incom-
pressibility of the undrained soil medium. 
In the elastic-plastic undrained analysis the soil is 
modelled as a weightless two-phase material with su 
= 100 KPa and ¢ = 0, where s = undrained shear 
u u 
strength and ¢u = angle of internal friction. The 
drained elastic Lame's parameters A= 150 su, 
= lOOsu and drained Poisson's ratio, vd = 0.30 are 
assumed for the soil skeleton whereas the bulk modulus 
for pore water is assigned as K = 2000 MPa. This 
w 




In order to compute the permanment deformation of the 
strip footing, the elastic and shakedown limit pres-
sures obtained in Chapter 4 (Refer Table 4.2) are 
used here. It is found that for Fe < 3.28 (dimen-
sionless elastic limit pressure) the behaviour of the 
soil foundation is purely elastic. However, for F = 
Fs = 5.31, the foundation undergoes cyclic inelastic 
deformation for few cycles and then reaches a steady 
state situation. The reason for applying a shakedown 
pressure of Fs = 5.31 was to obtain the boundedness 
of the deformation. Table 5.2 shows the elastic and 
inelastic deformation for the first five cycles of 
loading. For Fs = 5.31, the permanent (inelastic) 
deformation increases for the first two cycles of 
loading and then remains unchanged implying that the 
plastic work is bounded in time and a limited amount 
of plastic flow has occurred. The foundation develops 
residual stresses due to the initial plastic flow and 
therefore the stresses obtained from the subsequent 
cyclic elastic-plastic analysis can be superimposed 
on these residual stresses without violating the yield 
criterion (shakedown condition). Thus, the foundation 
shakes down to elastic behaviour and any load 3.28 < 
~< 5.31 will be a safe load in order to achieve a 
shakedown condition. The inelastic (permanent) 
deformation computed for the footing is 0.82% of the 
footing width and shown in Table 5.2. 
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TABLE 5.2 - PERMANENT DEFORMATION OF A STRIP FOOTING 
SUBJECTED TO REPEATED VERTICAL LOADING 
(Vertical Displacement/Footing 
Width) in Percent 
Cycle Number Elastic Permanent Total 
• 
1/4 0.38 - 0.38 
1/2 0.76 0.79 1.56 
3/4 0.38 0.81 1.19 
1 0.00 0.81 0.81 
1 1/4 0.38 0.81 1.19 
1 1/2 0.76 0.82 1.58 
1 3/4 0.38 0.82 1.20 
2 0.00 0.82 0.82 
2 1/4 0.38 0.82 1.20 
2 1/2 0.76 0.82 1.58 
2 3/4 0.38 0.82 1.20 
3 0.00 0.82 0.82 
3 1/4 0.38 0.82 1.20 
3 1/2 0.76 0.82 1.58 
3 3/4 0.38 0.82 1.20 
4 0.00 0.82 0.82 
4 1/4 0.38 0.82 1.20 
4 1/2 0.76 0.82 1.58 
4 3/4 0.38 0.82 1.20 
5 0.00 0.82 0.82 
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CHAPTER VI 
RESPONSE ANALYSES OF A GRAVITY TYPE 
OFFSHORE FOUNDATION CONSIDERING SOIL SHAKEDOWN 
6.1 Introduction 
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Three types of analyses are carried out in order 
to compute the permanent deformations beneath a 
gravity type offshore foundation. The first 
analysis investigates the effects of eccentricity 
and angle of inclination of the load on the shake-
down load factor for a flexible foundation. 
In the second analysis, the permanent deformation 
of the foundation of a gravity type offshore plat-
form is studied considering the static soil shake-
down. In the third analysis the dynamic shakedown 
load factor is first determined and the responses 
are then computed and compared for various types 
of soil modelling. In the second and third 
analyses the effect of the caisson structure is 
taken into account by modelling it as a stiff 
footing. 
176 
6.2 Method of Approach 
6.2.1 
The above analyses are carried out using the two-
dimensional finite element plane strain formu-
lation described in Chapters 3, 4 and 5. The 
detailed descriptions of the computer programme 
especially developed for the present investigation 
and the necessary input data requirements are pre-
sented in Appendices C and D. 
Limitations of the Method 
The limitations of the present approach are: 
a. the effect of the change in volume due to 
shear deformation is neglected. 
b. the soil beneath the foundation is assumed to 
be linearly elastic-perfectly plastic material 
and is modelled with the Von Mises yield 
criteria following associated flow theory of 
plasticity. The assumption of constant soil 
shear strength which is independent of the 
normal stress components is a valid approxi-
mation for undrained saturated clay, the so 
called ¢u = 0 condition (Skempton, 1941). 
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c. Present analyses are based on small strain 
formulation i.e. they do not consider the non-
linearity caused by the change in geometry. 
6.3 Flexible Foundation Analysis 
6. 3. 1 
Several analyses are carried out in order to 
determine the effects of the eccentricity and the 
angle of inclination of the cyclic wave loading 
on the static elastic and shakedown limit 
pressures. 
Geometry and Finite Element Mesh 
Fig. 6.1 shows the geometry of the foundation 
resting on saturated cohesive soil. Based on the 
bearing capacity formula, two load inclination 
angles, aA, and five ratios of eccentricity to 
footing width, e/B, have been chosen for com-
puting the elastic and shakedown limit pressures. 
Von Mises yield condition is used in all analyses 
and represented by six linearized yield planes. 
Fig. 6.2 depicts the finite element mesh for the 
flexible strip foundation. The foundation has a 
loaded width of ninety meters. The soil medium is 
assumed to be homogeneous and isotropic. The 
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mesh consists of 85 nodes and 64 four noded 
rectangular isoparametric elements. Vertical side 
boundary is placed at a distance two times the 
width of the footing from the footing centerline 
and assumed to be smooth. The bottom boundary is 
assumed to be rough and rigid. The footing is 
• 
assumed to deform under plane strain condition. 
Reduced integration technique is used to implement 
effectively the nearly incompressibility condition 
for undrained deformation. 
In the undrained analysis the soil is modelled as 
a weightless two-phase material with su = 100.0 
kPa and ¢u = 0.0. The drained elastic Lame's 
parameters A = 150 su, ~ = 100 s and drained 
u 
Poison's ratio, vd = 0.30 are assumed for the 
soil skeleton whereas the bulk modulus for pore 
water is assigned as K = 2000 MPa. This gives 
w 
an equivalent undrained Poisson's ratio, 
0.499. 
The submerged weight, Fv, of the gravity type 
offshore structure is assumed to act with an 
eccentricity, ~e, which causes a cyclic moment, 
FM = Fv.C~e) at the base level (Fig. 6.1). The 
foundation is also subjected to the horizontal 
force component, ~FH, of the cyclic inclined 
180 
6.3.2 
loading, Q', as shown in Fig. 6.1. The stress 
distributions due to loadings, FV, FH and FM 
are assumed to be uniform and linear respectively. 
Evaluation of Elastic Limit Load 
For the vertica~ load alone (e/B = 0.0, aA = 
0.0), the vertical pressure is applied at each of 
the seven nodes 26, 31, 36, 41, 46, 51, and 56. 
181 
The stress fields comprising of 0 , a , a and T 
x y z xy 
for all the elements are obtained by applying the 
vertical pressure and by observing the pressure at 
which one/or more of the elements will first 
become plastic. 
The elastic limit load factor, SE is obtained 
from Eqn. (5.25d) and Eqn. (5.26b) as 
s 
u 
and computed for each element. 
. . . ( 6 • 1 ) 
From the elastic 
half space theory the elastic limit pressure is 
given as 3.14 s (Jumikis, 1969). This pressure 
u 
is obtained based on Tresca failure surface. How-
ever, the present analysis indicates a value of 
182 
3.08 su which is within the 2.0 % of the thea-
retica1 elastic limit pressure solution. Element 
No. 31, at a depth of 34.0 meters from the sur-
face indicates a minimum load factor, SE, of 
1.29. The vertical displacement at center node 
41, is compared with that obtained based on 
Kelvin's equation for a line load acting within an 
infinite solid (Taylor and Matyas; 1983). 
For a clay layer with constant Young's modulus the 
vertical settlement may be estimated following 
Taylor and Matyas (1983) as 
where 
1 + v 
u 
1 - v 
u 
ov = vertical settlement in meter 
: ... (6.2) 
0 v = applied vertical pressure = 233 kPa 
d
0 
= depth of the foundation = 90 m 




=Poisson's ratio= 0.499 
6.3.3 
E =Young's modulus= 29,980 kPa 
and a 0 and a 1 are taken from Fig. 5 of the above 
reference; for d
0
/B = 1.0, a 0 = 0.3571 and a 1 = 
2.5833. 
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Based on the abdve parameters, oV is computed as 
0.2415 meter as opposed to the vertical displace-
ment of 0.2120 meter obtained from the finite ele-
ment analysis. The difference in the result can 
be explained due to the effect of the side 
boundary. 
Evaluation of Shakedown Limit Load 
The computer programme has been checked in Chapter 
4 for a strip footing with the available solutions 
under vertical loading condition. In this section, 
the static shakedown analysis of a flexible founda-
tion is carried out under cyclic inclined eccentric 
loading condition. Fig. 6.1 depicts the loading 
system and notation. 
The piecewise linearized Von Mises yield criterion 
with its associative nature of flow rule condition 
is used in shakedown analyses. The finite element 
6.3.4 
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mesh of the soil stratum is shown in Fig. 6.2 and 
the material properties are described in Section 
6.3.1. 
For the case of centered vertical loading (i.e. 
aA = 0.0 and e/B = 0.0), the shakedown limit 
pressure, qs, is obtained as 5.22 su from Eqn. 
(4.55) and shown in Table 6.1. The above pressue 
is 1.5% higher than the true collapse pressure. 
The typical central processing unit (cpu) time 
required is 180 minutes and major portion of this 
time is spent in solving the linear programming 
problem involving 193 constraints and 640 
variables. 
Influence of Eccentricity and Load Inclination 
Angle 
The parametric studies are carried out in order to 
determine the influence of the various, e/B, 
ratios and the angle of inclination of the cyclic 
wave loading, aA, on the elastic and shakedown 
linlit pressures. 
The elastic limit pressures, qe, for eccentric-
ity ratios of e/B = 0.05 to 0.16 are also computed 







TABLE 6.1 - COMPARISON OF ELASTIC AND 
SHAKEDOWN LIMIT PRESSURES 
FOR e/B = 0.0 - 0.16 AND 
aA= o.oo 
Number Number Elastic 
Number of of Nodal of Limit 
elements Points Equations Pressure 
C qe/ su) 
64 85 128 3.08 
64 85 128 2.75 
64 85 128 2.28 
64 85 128 2.10 












Table 6.1. The elastic limit pressure, qe, is 
reduced as much as 35% for an eccentricity ratio 
e/B = 0.16 as compared to that corresponding to 
e/B = 0.0. For aA = 10°, the uniform horizon-
tal pressure is also applied in addition to the 
distributed vertical pressure to the nodes at the 
top of the caisson. The elastic limit pressure, 
qe, for e/B = 0.0 is computed as 2.98su. In 
this case, the minimum value of BE, is obtained 
in element No. 35. Table 6.2 illustrates the 
values of the elastic limit pressure, qe, for 
all e/B ratios. 
For aA = 0.0, Table 6.1 compares the values of 
the static shakedown limit pressures for various 
e/B ratios from 0.0 to 0.16, whereas Table 6.2 
0 
compares the same for aA = 10.0 . Results show 
186 
that the shakedown limit pressures decrease as the 
e/B ratio and the inclination angle increase. The 
reduction could be as high as 54% e.g. for e/B = 
0.16 and aA = 10° as opposed to e/B = 0.0 and aA 
= 0.0. Figs. 6.3(a) and (b) depict the comparison 
of these values with those obtained from semi-
empirical bearing capacity relationship (Fig. 6.1) 
given by Meyerhof (1963). The shakedown pressures 
are obtained from an upperbound solution and there-







TABLE 6.2 - COMPARISON OF ELASTIC AND 
SHAKEDOWN LIMIT PRESSURES 
FOR e/B = 0.0 - 0.16 AND 
a.A = 10.00 
Number Number Elastic 
Number of of Nodal of Limit 
elements Points Equations Pressure 
C qe/ 5 u) 
64 85 128 2.98 
64 85 128 2.63 
64 85 128 2.23 
64 85 128 1.90 
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FIG. 6.3 (a) ELASTIC AND SHAKEDOWN LIMIT PRESSURES FOR 
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FI G. 6 .3 (b) ELASTIC · AND SHAKEDOWN LIMIT PRESSURES FOR 
VARIOUS ECCENTRICITIES (aA = 10°) 
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not produce a conservative estimate of the bearing 
capacity of the foundation when the loading is 
repetitive in nature. 
6.4 Static Analysis of a Gravity Type Offshore 
Foundation 
In this section the formulation presented in the 
previous chapters is used to analyze the action of 
an offshore gravity structure with its soil founda-
tion which consists of saturated clays resting on 
a rigid base. Particular attention is given to 
the static nature of the wave loading and the soil 
foundation is assumed to behave in an undrained 
manner during one particular storm. The reduced 
integration technique is used in order to imple-
ment effectively the nearly incompressibility 
condition for undrained deformation. 
The permament deformation of the caisson structure 
is computed by using an elastic-plastic finite 
element formulation as described in Section 5.2.3. 
A static shakedown analysis is first carried out 
for the entire caisson-foundation-soil system. 
Having computed the static shakedown load factor, 
the loading domain at shakedown is first estab-
lished and the responses are then computed and 
6.4.1 
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compared for two types of soil behaviour: a) linear 
and b) nonlinear. 
Loading Programme 
The magnitude of the wave loading on the 
structure-foundation depends on the wave period, 
T., length, L., and height, H. and the dimen-
1 1 1 
sions of the structure. In a typical storm situ-
ation there are varying number of waves having 
similar characteristics and can be grouped to-
gether. However, it has been observed that the 
complete storm in a deep ocean environment consists 
of wave groups having smaller heights followed by 
wave groups having larger heights until the peak 
of the storm has been reached. In the present 
analysis a single wave with the largest height 
with maximum return period has been considered. 
The individual wave has a wave length of 218.0 
meters, height 30.0 meters and period 12.0 seconds. 
Before the storm, structure is in calm water and 
as such the total vertical force, Fv, acting on 
the structure is the buoyant (submerged) weight of 
the structure. 
Fig. 6.4(a) shows a wave profile in the free field 
and Fig. 6.4(b) shows the structure standing in 
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FIG. 6.4 (b) WAVE FORCES ON STRUCTURE 
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water during a storm with its axis perpendicular 
to the line of the wave propagation. If the 
lateral dimension of the caisson is comparable to 
the wave length, the wave forces are prim~rily due 
to diffraction effects i.e. including inertial 
forces. The drag force is comparatively small and 
therefore can be neglected. The forces acting on 
the caisson due to a single wave is computed from 
diffraction theory and the values obtained have 
been taken from a problem given by Pool (1976). 
The net effect of the wave force is shown in Fig. 
6.4(c) and represented by a cyclic horizontal 
force, ;FH, and a cyclic moment, :FM. The 
general cyclic wave loading domain is therefore 
expressed as 
- -
- SFH !5- FH ~ SFH 
and 
- SFM ~ FM ~ SFM 
-
where FH and FM are the nondimensional para-
meters and defined as 
FH 
, and FM = 
As 
u 
where, S is the appropriate load factor, A is the 
area of the foundation under plane strain con-
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6.4.2 
above the mud line (a0 = 40.0 meters) and FH 
-
and FM are prescribed values of FH and FM. 
Modelling of the Caisson Structure and the 
Foundation Soil 
The circular platform base shown in Fig. 6.4(c) 
has a diameter of 90 meters and is modelled as an 
equivalent rectangle with the same area. The 
rectangular base is later idealized as a plane 
strain model with the width equal to that of the 
structure. The total wave force is distributed 
per unit meter width of the structure. A two 
dimensional plane strain finite element model 1s 
used in carrying out the analysis. The caisson 
structure is modelled by two-dimensional four 
noded linear element whereas the foundation is 
modelled by the same type of elements using linear 
and nonlinear soil properties representing the 
characteristics of saturated cohesive soil. 
The finite element mesh of the caisson structure-
foundation system is shown in Fig. 6.5. The mesh 
consists of five structural elements (elements 21, 
26, 31, 36, and 41) and sixty soil elements. The 
shear strength is assumed to be constant over the 
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be undrained in nature with respect to the cyclic 
loading condition i.e. there is no flow of fluid 
with respect to soil. 
In order to model the caisson foundation a very 
high stiffness is assigned to the structural ele-
ments 21, 26, 31, 36 and 41. The loads are applied 
to the foundation through the nodes 26, 32, 38, 44, 
50 and 56. The stiffness ratio of the structure 
to the foundation soil, ts, is computed from the 
following equation (Jumikis, 1969) as 
... (6.3) 
where E1 = Young's modulus of the soil in the 
finite layer 
Ef =Young's modulus of the footing 
a 0 = thickness of the footing 
B/2 = half width of the footing 
The semi-empirical method for obtaining the settle-
ment at the center of the footing is given by 
Jumikis (1969) as follows: 
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... (6.4) 
where K(t) • 0 for ts a 0.0 implying the rigid 
footing condition. The values of Kr for _different, 
Zdo , ratios and variation of K(t) with respect to 
s-
ts have been given by Jumikis (1969). 
In the undrained analysis, the soil is treated as 
a weightless two phase material with s = 100.0 
u 
kPa, and ¢u = 0.0 throughout the depth of the 
layer. The drained elastic parameters A a 150 
~ = 100 su and vd = 0.30 are assumed for the 
soil skeleton and a high value of bulk modulus, 
2000 MPa is assigned to the pore water. 
s ' u 
The ratio of the Young's modulus for the caisson 
foundation to the soil medium is assumed as Ef 
EL 
1000. Therefore the stiffness ratio, t
5 
computed 
from Eqn. (6.3) becomes 0.0142, where B/2 = 45.0 
meters and a 0 = 90.0 meters. Because ts is 
relatively small, it is reasonable to assume that 
the footing is stiff compared to the foundation 
soil. The computed vertical displaceme~t at the 
center of the caisson is compared with that given 
by Jumikis (1969) and found to be in agreement~ 
It is interesting to note that the vertical dis-




less than that compared with the flexible one. 
Evaluation of Elastic Limit Load 
The stress fields comprising of a , a , a X y Z 
for all the elements are obtained by applying the 
- - FH 
cyclic horizontal loading, FH, (FH = As = 
u 
0.78) coupled with the vertical submerged weight 
199 
Fv 
of the structure, As = 2.33, at nodes 26, 32, 38, 
u 
44, SO and 56. The elastic limit load factor, SE, 
is then computed from Eqn. (6.1) which translates 
Fv 
into the following elastic loading domain; As = 
FH u 
2.33 and~ = 0.50. 
u 
Evaluation of Shakedown Limit Load 
In this section, the static shakedown analysis of 
a caisson-structure foundation system is carried 
out under cyclic inclined eccentric loading con-
dition. The cyclic horizontal loading due to the 
wave action and the vertical submerged weight of 
the structure are applied at nodes which are 
located at the top of the caisson structure. The 
upper bound value of 1.28 for shakedown load factor 
is obtained from Eqn. (4.55). Therefore shake-
F 
domain is described as follows; A~ = 2.33 and 
FH u 





variables for this problem are 196 and 654 respec-
tively. The central processing unit (cpu) time for 
this problem is 210 minutes and the major portion 
of this time is again utilised for solving the 
linear programming problem. 
Elastic Analysi~ 
The linear stress analysis of the structure-
foundation system in calm water is carried out with 
a net submerged vertical force, Fv. The analysis 
is based on the assumption of undrained soil 
behaviour and the contour plots for normal stress 
oy, and pore pressure, p, are shown in Figs. 
6.6(a) and 6.6(b). Assuming the cyclic horizontal 
force is at its maximum value (i.e. wave phase 
angle is either 90° or 270° refer Fig. 1.1) the 
elastic stress analysis is also carried out with 
the cyclic horizontal force, FH, coupled with the 
submerged weight, Fv, acting at the top nodes of 
the caisson structure. 
The distributions of horizontal and vertical 
displacements at selected nodes along the horizon-
tal direction are shown in Figs. 6.7(a) and 
6.7(b). In this case, the horizontal force is 
assumed to act from left to the right of the 
(SIGMR-YJ/ (UNDRAINED SHERR STRENGTH) 
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footing. The vertical deformations, oV, at 
nodes 39 and 57 below the casisson are shown in 
Table 6.3 for zero cycle i.e. due to the submerged 
weight of the structure. However, the vertical 
deformation, oV, at node 57 becomes almost twice 
that of node 39 for 1/4 cycle. This is due to the 
fact that at 1/4' cycle, the peak horizontal force, 
FH, acts at the top nodes of the caisson struc-
ture causing a moment at the base level. This 
moment induces additional vertical compressive 
stresses at elements below the right edge of the 
caisson which result in substantial increase in 
the vertical deformation. The horizontal defor-
mations at nodes e.g. 27, 33, 39, 45, 51 and 57 
beneath the caisson are 0.25% of the footing width. 
However, the deformations at nodes, 62 and 67, are 
11% and 27% less as compared to the deformation at 
node, 39. The distribution of shear stress beneath 
the foundation is shown in Fig. 6.8. It is ob-
served that shear stress intensity is high in ele-
ments near the right edge of the footing. For 
example, the shear stress at element, 46 is 2.25 
times higher than that compared to element, 32. 
This is because of the additional shear stress 
which is induced near the edge due to the static 
moment, FM, besides the effect of the horizontal 




TABLE 6.3 - COMPUTED ELASTIC DEFORMATIONS 
AT VARIOUS LOAD CYCLES 
Loading Deformation in meters 
Cycles Horizontal, oH Vertical, 
0 - -0.1580 
1/4 0.2262 -0.1780 
0 - -0.1580 
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is also made along the depth for the element groups 
lying on the center line and left of the right edge 
of the footing. It is seen from Fig. 6.9(a) that 
the normal stress is higher in elements near the 
right edge of the caisson. Fig. 6.9(b) depicts the 
comparison of the distributions of shear stress for 
the same groups•of elements. The contours for shear 
stress component T are shown in Fig. 6.10 for 
xy 
combined vertical and peak horizontal force which 
act at the top of the caisson. 
Elastic-Plastic Analysis 
The nonlinear stress analysis is carried out based 
on the assumption that the soil behaves as an 
elastic-perfectly plastic material obeying the Von 
Mises criteria. The static shakedown load factor 
obtained in Section 6.4.4 provides the loading 
domain at shakedown. This load is then applied 
uniformly at the top nodes of the caisson. The 
static vertical load, Fv is also applied in a 
distributed manner at those nodes. 
The entire analysis is carried out for 5 cycles of 
loading i.e. for 60 seconds; 420 load steps are 
used in order to trace the complete loading path. 
The uniaxial compressive strength, a , of soil 
209 
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beneath the foundation is related to the undrained 
unsoftened static shear strength, su, as ~su 
for plane strain condition. The caisson is mod-
elled with the compressive strength of co?crete 
and a low value of angle of internal friction, ¢ . 
u 
The properties of the soil and the concrete are 
shown in Table 6.4. 
The horizontal and vertical deformations beneath 
the caisson due to the cyclic wave loading is shown 
in Figs. 6.11 and 6.12 for various loading cycles. 
They show clearly that the deformations along hori-
zontal and vertical directions have stabilized 
(shakedown) after second loading cycle. Virtually 
there is no increase in the deformations in the 
subsequent cycles. This is in agreement quali-
tatively with the experimental observation made by 
Rowe (1975) on small scale model tests and 
described in Section 2.4.2. 
Table 6.5 shows the horizontal and vertical defor-
mations for two nodes, 39 and 57, at cycles 0, 1/4, 
1, 3 1/4, 4, 4 1/4 and 5 cycles. The vertical 
deformation, oy, due to the submerged weight of 
the structure is 0.1580 meter ie. 0.18% of the 
width of the footing. It is seen from the above 
















TABLE 6.4 - MATERIAL PROPERTIES FOR THE 
CAISSON STRUCTURE AND THE 
SATURATED SOIL MEDIUM 
Caisson Soil 
4200.0 MPa 14.7 
9800.0 MPa 9.80 
- 1.0 
- 2000.0 
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N = 0 N 
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39 
Elastic 
-Plastic - -0.1580 .2500 
Elastic - -O. J580 .227J 57 
Elastic 
-Plastic - -0.1580 .2500 
TABLE 6.5 - COMPUTED DEFORMATIONS (IN METERS) FOR 
LINEAR ANil NONLINEAR ANALYSES 
= 1/4 N = 1 N = 3 1/4 N = 
ov oH oy 011 ov oil 
--
-0.1780 - - - - -
--
-0 .1850 - -0.2300 .2324 -0.2000 -
- .3295 - - - - -
- .3800 - -fl.2327 I .2332 - . 3660 -
4 N 
'" 
4 1/4 N = 5 j oy 011 ov 6tt ov 
- - - - -
-0 .2280 .2322 - . 2021 - -. 2300 
- - - - -
-0 .2361 0.2330 -. 3(,63 - -. 2360 I 
6.4.7 
and 57 have stabilized to a value of 0.2291 meter 
and 0.2314 meter respectively. These deformations 
are 45% higher than the inital settlement at zero 
load cycle. 
The soil elements 22, 27 and 46 beneath the 
caisson yielded at peak horizontal load. The 
distribution of shear stress beneath the caisson 
for selected elements is shown in Fig. 6.13. Fig. 
6.14 depicts the distribution of shear stress 
along the depth for the elements lying just on the 
centerline. Fig. 6.15 shows similar distributions 
along the depth for those elements near the left 
of the right edge of the caisson structure. It is 
seen that shakedown has taken place with a redis-
tribution of shear stress once the elements have 
yielded and as the load passes from first cycle to 
the subsequent cycle. 
Comparison of Elastic and Elastic-Plastic Analyses 
The comparison of the two static analyses, viz 
elastic and elastic-plastic are presented at 1/4 
load cycle when the horizontal force is at its 
peak value. Figs. 6.16(a) and (b) show the com-
parisons for horizontal and vertical deformations 
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and vertical deformations from elastic-plastic 
analysis are 12% and 13% higher than those obtained 
by elastic analysis, since some soil elements 
beneath the caisson have yielded. Fig. 6.17 shows 
the distribution of oH along the depth. Fig. 
6.18 compares the shear stress distibution beneath 
the foundation for the two analyses. The shear 
stress predicted by elastic-plastic analysis is 
lower than that predicted by the elastic analysis. 
For example, the elastic shear stress at element, 
46 is 45% higher than obtained from a nonlinear 
analysis. Fig. 6.19 compares the shear stress 
along the depths for elements lying along the 
centerline. 
6.5 Dynamic Analysis of a Gravity Type Offshore 
Foundation 
The present investigation considers the dynamic 
interaction between the caisson structure of a 
gravity base offshore platform and its foundation 
soil which consists of saturated clay underlaid by 
a rigid base. The caisson structure is assumed to 
be linear whereas the nonlinear behaviour of the 
soil is taken into account by two different types 
of analyses: a) equivalent linear model and b) 
elastic-perfectly plastic model. The cyclic wave 
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loading function is simulated here as sinusoidal 
forcing function, with a 12 seconds period, acting 
at the top of the caisson's nodes thus causing a 
dynamic cyclic moment at the foundation level. 
The submerged weight, Fv, is assumed to be 
static and remains constant during the entire 
loading cycle. 
Dynamic Shakedown Analysis 
In order to carry out the dynamic shakedown 
analysis, the elastic stress responses of the 
structure-foundation system have to be determined. 
The time history of response quantities are com-
puted by an implicit step-by-step integration 
scheme which is primarily dependent on the time 
step interval (~t) chosen. The time step interval 
is a function of the system frequencies and Table 
6.6 shows the computed frequencies of the caisson-
foundation system for first ten modes under drained 
and undrained conditions. The drained condition is 
simulated by setting the bulk modulus of water as 
zero. The fundamental frequency in the drained 
state is only 12% less than that in undrained 
state. However, for higher modes, the difference 
is considerably large. For example, the frequency 













TABLE 6.6 - U~DRAINED AND DRAINED 
FREQUENCIES OF THE CAISSON-
FOUNDATION SYSTEM 
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that in undrained state. This is because of the 
fact that under undrained condition, incompressi-
bility constraint on volumetric mode of deformation 
introduces additional stiffness. 
Although theoretically one should take the period 
associated with 'the highest mode, it is known from 
practice that higher modes contribute very 
little to the response process. Besides, soil 
foundation system has a typical frequency ratio 
w* 
wo 
0.34 = - = 
wl 
where 
wo = wave frequency = 0.523 rad/sec. 
and wl = fundamental frequency of the 
structure-foundation system 
= 1.53 rad/sec. (Refer Table 6.6) 
The time step of 0.1429 second is chosen based on 
one tenth of the period associated with the tenth 
mode of the structure-foundation system. This 
will result in 420 time steps in order to describe 
the five cycles of loading (60 seconds duration) 
adequately. 
The Rayleigh damping coefficients are computed 
based on the specified modal damping ratios in 
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first and second mode. The critical damping values 
are assumed as 15% and 20% in mode 1 and mode 2 
respectively. Based on the above values, the 
Rayleigh damping coefficients, B1 and B2 , for 
the caisson and the soil medium are computed and 
shown in Table 6.7. 
6.5.1.1 Dynamic Elastic Analysis 
The elastic dynamic response is computed first with 
zero initial conditions for five cycles of loading 
and the displacements and velocities for each node 
are saved at the end of the loading process. 
Computed displacements and velocities which have 
been saved are used as fictitious initial con-
ditions, U*, and U* and the normalized maximum 
- -
stress response vector is computed from Eqn. 
(4.43). Finally, the minimization of Eqn. (4.55) 
is carried out once again using the above stress 
vector and the shakedown load factor, S , 
s 
obtained as 1.15. This is 10% lower than the cor-
esponding value obtained from the static analysis 
(1.28). This is because of the fact that stress 
amplification has occurred at the frequency ratio 
of w* = 0.34 and as such the shakedown load factor 
has decreased. Based on this load factor, Ss = 
Rayleigh 
Damping 
TABLE 6.7 - RAYLEIGH DAMPING COEFFICIENTS 




Coefficients Caisson Soil 
Bl -0.340Xlo-z o.739Xlo-l 
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1.15, the dynamic shakedown loading domain is 
FV FH 
obtained as As = 2.33 and +As = 0.58. 
u u 
Figs. 6.20(a) and (b) depict the time hi~tory of 
elastic displacements in horizontal and vertical 
directions for selected nodal points. Because of 
the damping, steady state condition is reached 
within a very few cycles. The distributions of de-
formation oH and oV for various loading cycles 
are also shown in Figs. 6.2l(a) and (b) respectively. 
Fig. 6.22 shows the shear stress time history 
for various elements beneath the caisson. The 
maximum shear stress is observed in element 46 
because of the effect of the combined moment and 
shear loading acting at the right edge of the 
footing. 
The horizontal and vertical loads are applied at 
top nodes of the caisson in a distributed manner 
and subsequently the dynamic response analyses are 
carried out with two types of nonlinear models: a) 
equivalent linear and b) elastic-plastic. 
Equivalent Linear Analysis 
The nonlinear effect of the soil due to the cyclic 
wave loading can be expressed in terms of the soil 
shear modulus, G, and the damping ratio, D, both 
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dependent on cyclic shear strains. In the equiva-
lent linear analysis, the soil properties are 
adjusted by an iterative procedure so as to make 
them compatible with the computed soil stxain 
level. The soil properties used in the analysis 
are the maximum shear modulus, Gmax' maximum 
damping ratio, tlmax' and undrained shear 
strength, su. For clays, the ratio of Gmax/su' 
which is constant (Fig. 5.3) is 2300 at low strain 
level (10- 4 %) and the maximum damping D is 
max 
29% at 10% of strain (Fig. 5.4). For simplicity 
the secant shear modulus, G, versus the shear 
strain, and damping ratio are approximated by a 
series of straight lines on a semilogarithmic 
plot. These values are then stored in the pro-
gramme and used to compute the strain compatible 
soil modulus and damping ratio during subsequent 
iterations. 
Initial shear modulus is assigned to each element 
and the natural frequency of the structure-
foundation system is first computed. The damping 
ratio, is selected corresponding to the first 
frequency of the system and the damping matrix of 
a typical soil element is formed from Eqn. (5.1). 
Having assembled the strain dependent damping 
matrix and the initial set of shear moduli for 
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each soil element, a step-by step direct integra-
tion is carried out following Eqn. (5.41) with a 
time step interval of 0.1429 second. The stress 
and strain histories obtained from the first 
analysis is examined for each element and the 
maximum shear strain is estimated. The new values 
of shear moduli ~nd damping ratios corresponding 
to these shear strain amplitudes are estimated 
from Fig. 5.4 and Table 5.1. 
The natural frequency of the soil-foundation 
system, w1 , is computed based on new shear 
moduli and the Rayleigh damping coefficients, B1 
and B2 are then computed from Eqns. (5.2a) and 
(5.2b). The global damping matrix is formed again 
and the response analysis carried out for total 
number of 420 time steps in order to trace the 
five cycles of wave loading. 
Iteration is continued until the difference between 
the actual modulus and damping used and the strain 
compatible modulus and damping values is within 10% 
or less, and the results obtained from the final 
iteration are treated as the nonlinear response. 
Table 6.8 and 6.9 show the converged values of the 
shear moduli and damping ratios for selected ele-









TABLE 6.8 - CONVERGENCE OF SOIL SHEAR 
MODULUS, G, (kPa) 
Iteration Numbers 
1 2 3 4 
14651 17680 19425 20293 
11900 12720 13073 13279 
7791 7380 7430 7468 
10800 10730 10712 10702 
13563 14611 15320 15542 










TABLE 6.9 - CONVERGENCE OF SOIL 
DAMPING RATIO'S, D. 
Iteration Numbers 
1 2 3 
0.1337 0.1235 0.1175 
0.1515 .1441 .1410 
0.1886 0.1965 .1971 
0.1615 0.1621 0.1624 
0.1375 0.1339 0.1319 












Figs. 6.23(a) and (b) show the time histories of 
horizontal and vertical deformations for selected 
nodes beneath the caisson. Figs. 6.24(a) and (b) 
depict the distribution of oH and oV along hor-
izontal directions for different loading cycles. 
Time history of shear stress is shown in Fig. 6.25 
for selected elements beneath the caisson. 
Dynamic Elastic-Plastic Analysis 
In the nonlinear dynamic analysis, the incremental 
approach is used and the equilibrium iteration car-
ried out within each time step of increment as de-
scribed in Sections 5.2.3 and 5.3.2. 
Figs. 6.26(a) and (b) show the time histories of 
nodal displacements in horizontal and vertical 
directions for selected nodal points beneath the 
caisson. Figs. 6.27(a) and 6.27(b) depict the dis-
tribution of oH and ov for different load 
cycles in horizontal directions. It is seen from 
these figures that the shakedown has taken place 
beneath the caisson after second loading cycle i.e. 
no further increment of displacement with respect 
to cyclic loading. Fig. 6.28 depicts the shear 
stress time history along the horizontal direction 
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Comparison Of Various Analyses 
Four types of analysis have been carried out in 
previous sections. These analyses are: a) static 
non-linear b) dynamic elastic c) equivalent 
linear and d) dynamic elastic-plastic. Fig. 6.29 
depicts the comparison of time histories of verti-
cal displacement for node 38 for various analyses. 
The dynamic elastic-plastic response is almost 8% 
lower than compared to its static nonlinear coun-
terpart. However, the equivalent linear analysis 
suppresses the response as much as 40% compared to 
dynamic elastic-plastic analysis. The difference 
in the result can be attributed to the fact that in 
equivalent linear analysis the response is computed 
with the constant set of strain compatible soil 
properties for the entire loading history whereas 
in the true non-linear model, stiffness is updated 
in each time step based on the revised stress-
state in each element. The limitation of the 
equivalent linear analysis is that it does not 
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An analytical method is developed for the predic-
tion of the permanent displacement of the founda-
tion of a gravity type offshore platform resting 
on saturated soils. The wave loading is consid-
ered as dynamic and cyclic in nature and the soil 
is assumed to behave in an undrained manner. 
The method is based on the finite element dynamic 
shakedown formulation of the saturated porous 
medium using a piecewise linearized convex yield 
surface. The dynamic shakedown load factor is 
obtained by first computing the elastodynamic 
response of the caisson-foundation (saturated) 
medium for some adjusted initial conditions (e.g. 
displacement and velocity) and then solving the 




The displacement based finite element formulation 
of the saturated porous medium is used to analyze a 
strip footing problem for drained and undrained 
conditions. Analyses indicate that the displace-
ment based finite element formulation can quite 
adequately predict the 'nearly incompressible' un-
drained deformation as well as the fully drained 
condition. Results show that the drained defor-
mation is higher compared to its undrained counter-
part. This is due to the fact that in undrained 
deformation volumetric deformaton is almost zero 
and therefore additional restraint is imposed. 
The dual form of the kinematic shakedown problem 
is used to compute the shakedown load factors for 
two types of problems. These are a) a thick cylin-
der under variable internal pressure and b) a strip 
footing under repeated vertical loading. In the 
cylinder problem three types of meshes are used and 
the analysis indicates that for a cylinder with 45 
elements, elastic and shakedown limit pressures are 
in excellent agreement with the theoretical values. 
For the strip footing problem, vertical pressure 
at shakedown agrees well with the ultimate bearing 
capacity of the foundation. 
Having computed the shakedown limit load for the 
strip footing, an incremental analysis is carried 
out for five cycles of loading. The vertical 
pressure is assumed to be triangular in shape and 
varies between zero and pressure at shakedown. 
Shakedown is observed within 3 cycles of the 
loading and the •permanent displacement is com-
puted as 0.82% of the footing width. The total 
displacement at shakedown load is 1.58% of the 
footing width. 
The computations of elastic and shakedown limit 
pressures for a flexibie foundation indicate that 
elastic and shakedown limit pressures depend on 
the inclination angle and eccentricity of the 
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load. The elastic and shakedown limit pressures 
decrease as the eccentricity and the inclination 
angle increase. For example, the shakedown limit 
pressure can decrease as much as 54% (for an eccen-
tricity of e/B = 0.16 and aA = 10°) with re-
spect to the case where the loading is purely ver-
tical (i.e. e/B = 0 and aA = 0.0). Also, shake-
down analyses indicate that vertical pressures 
under various eccentric loadings are below those 
predicted by the semi-empirical bearing capacity 
formula. Therefore, the use of the empirical form-
ula will not produce a conservative estimate of the 
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bearing capacity of the foundation when the loading 
is cyclic in nature. 
The frequencies for the undrained condition are 
higher than those obtained for drained situation. 
This is because of the high stiffness associated 
with the undrained condition. 
Dynamic shakedown load factor for the stiff footing 
problem is only 10% lower than its static counter-
part. This is because the amplification of stres-
ses has occurred at frequency ratio of w* = 0.34 
and therefore the shakedown load factor has further 
decreased. 
In computing the response analyses for three dif-
ferent soil models, it is observed that the equiv-
alent linear anlaysis predicts lower deformation as 
opposed to the other two types of analyses. How-
ever, for the quasistatic analysis of the stiff 
footing problem, the permanent vertical deforma-
tion is within 0.085 percent of the footing width. 
In all cases, it is seen that shakedown has taken 
place with respect to the deformations of the 
foundation. 
These findings of this present research lead to the 
following conclusions. 
l. The vertical undrained deformation of a strip 
footing is almost 44% of its drained counter-
part. 
2. Shakedown limit pressures for a thick cylinder 
and a strip footing agree quite well with the 
theoretical values. 
3. Shakedown limit pressures for a flexible foot-
ing decrease as the inclination angle and the 
eccentricity of the load increase. 
4. The undrained natural frequency of the soil-
foundation is 12% higher than its drained 
counterpart. 
5. Dynamic shakedown limit load for the stiff 
footing problem is only 10% lower than its 
quasistatic counterpart. 
6. Permanent vertical displacement of the founda-
tion is within 0.08% of the footing width. 
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7. Equivalent linear model suppresses the founda-
tion displacement as much as 40% than those 
compared with dynamic elastic-plastic analysis. 
7.3 Contributions 
1. Development ~f an analytical method in deter-
mining the permanent deformation of the founda-
tion of a gravity base offshore foundation con-
sidering soil shakedown. 
2. Computations of static and dynamic shakedown 
load factors for various types of problems e.g. 
gravity foundation under cyclic inclined eccen-
tric loading conditions. 
3. Computations of the response quantities for 
various types of soil models e.g. equivalent 
linear and elastic-perfectly plastic. 
4. Development of a computer code OPFA (Offshore 
Platform Foundation Analysis) for carrying out 
the above computations. 
7.4 Recommendations for Future Research 
The following recommendations are made to extend 
the present work. 
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Use of nonassociated flow rule so that the work 
softening ctiteria can be incorported in the 
soil constitutive relationship. 
Geometric nonlinearity to be included in the 
shakedown analysis. 
Use of workhardening type soil model such as 
proposed by Prevost (1977) and Mroz et al 
(1978). 
Efficient algorithm for the solution of linear 
programming problem related to shakedown analy-
sis. 
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APPENDIX - A 
PROOFS OF SHAKEDOWN THEOREMS 
Al. PROOF OF MELAN 'S THEOREM 
For an elastic-perfectly plastic body experiencing 
simultaneously the action of a system of loads 
varying slowly in time within prescribed limits, 
0~ .(x,t) and s~ .(x,t) are assumed as the 
1] 1] 
instantaneous values of soil stresses and strains 
respectively in the corresponding elastic medium. 
0 .. (x,t) and s .. (x,t) denote the instantaneous 
1] 1] 
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values of the soil stresses and strains in the actual 
elastic-plastic state. 





0 .. (x,t) = 
1] 
R -
s .. (x,t) = 
1] 
- E -
a . . (x,t) - a . . (x,t) 
1] 1] 
- E -
s .. (x,t) - s .. (x,t) 
1] 1] 




residual soil stresses and strains respectively in 
the body. The elastic strains which are caused by 
ER the residual soil stresses are denoted by s ... lJ 
. E Stra1ns, s .. , s .. are kinematically admissible, 
1] 1] 
which means they satisfy the compatability condition 
and thus the corresponding displacements satisfy 
prescribed kinematic boundary conditions shown in 
Fig. 3.1. 
The total soil strains, E .. , are composed of both 
1] 
1 . E d 1 . p e ast1c, E .• , an p ast1c, E .. , parts as: 
1 J 1 J 
E .. (x,t) 
1J 
E -
= E •• (x,t) + 
1] 
p -
E .• (x,t) 1J 
Dividing Eqn. (1) by the appropriate elasticity 
constants we obtain 
ER(-E •• x.,t) = lJ 
E -
- E .. (x,t) 1J 
-1 
where cijkl =coefficients of elasticity matrix 
Adding Eqn. (2) and Eqn. (4) and using Eqn. (3) 
(3) 
(4) 
ER(- p - E -




E •. (x,t) = lJ 
(5) 
ER - p -
E .. (x,t) +E •. (x,t) 
l J 1 J 
(6) 
2 7 3 
and 
E .• cx,t) = 
1] 
R -
E .. (x,t) + 
1] 
E -
E •. (x,t) 
1] 
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ER - p - E -
= E .. (x,t) + E .. (x,t) + E .. (x,t) 
1] 1] 1] (7) 
The admissible soil plastic strain rate cycle, ·p E. . ' 1] 
is defined by its property that the increments of the 
plastic strains, ~E~., in such a cycle for some 
1] 
time interval, T, given by 
p ~E .. 
1] 
T 
= J ~1? .(t) dt 
0 1] 
(8) 
form a kinematically admissible strain distribution. 
The strains given by Eqn. (8) may be obtained from 
Eqn. (3.7a) by prescribing a displacement field, ~ui' 
which vanishes on s 1 , (Fig. 3.1). The soil plastic 
strain rate, ~~ ., is related to residual stress 
1] 
rate distribution, cr~.(x,t). By definition, 
1] 
ER -
E .. (x,t), corresponds to instantaneous elastic 
1] 
strain distribution caused by the soil residual 
stress state, cr~.(x,t), and defining the, ~-(t), 
1] 1 
as the velocity field the kinematically admissible 
strain field is obtained from Eqn. (3.5)as 
E . . 
1] 
p 
= E .. 
1] 
ER 
+ E .. lJ 
The displacement increment corresponding to the 
(9) 
275 









The residual soil stress at time t = T will be equal 
to the value of the stress at time t = 0 as the 
plastic strain is kinematically admissible and hence 
T ·ER 
f E •• dt = 0 
0 1 J 
According to Melan's theorem if shakedown takes 
place, a time-independent residual stress field, 
-R -
cr .. (x), will exist. This residual stress field, 1J 
-R -
cr .. (x), can be obtained from the solution of the 1J 
equilibrium Eqn. (3.1) by satisfying the zero 
boundary conditions on s 2 , (Fig. 3.1) where the 
traction is prescribed. Defining, E~~' as the 1J 
(11) 
elastic strain component corresponding to the 
-ER -
fictitious residual stresses, cr .. (x), and admitting 1J 
-ER that, E· ., are not kinematically possible strains, 1J 
the following two stress fields are defined: 
(1) s 0 .. 1J 
E 
= 0 .. 1J 
-R 
+ 0 .. 1J 
s 
where a . . = safe soil stress state 1J 




( 2 ) a 0 .. lJ 
E 
= a . . lJ 
R 
+ 0 .. lJ ( 13) 
a 
where o .. = admissible so i 1 stress which touches lJ 
the yield surface and therefore satisfies the yield 
• 
condition from Eqn. ( 4. 1b) as 
f ( 0~ . ) < 0 y lJ 
A fictitiou~ positive elastic strain energy, Se, is 
defined in terms of the stress difference, (o~. -lJ 
;~.), where,;~., is a time independent residual lJ lJ 
stress field satisfying the equilibrium with zero 
external forces 
Therefore 
R R ER -ER 
= 1/2 J (o .. - 0 .. ) (E .. - E .. ) dV 
v lJ lJ lJ lJ 
R -R 
The stress differences, (o .. - o .. ), are related to lJ lJ 
ER -ER 
strain differences, (E .. - E .. ), by Hooke's law. lJ lJ 
Taking the derivative of the strain energy, Se, 
with respect to time, we get 
(14) 
( 15) 
-R As the stress, a . . , and the strain, 
1] 
pendent of time, by definition 
-ER 
E . . , are inde-1J 
Se = f (a~.- o~.) ~~~ dV 
v 1] 1] 1] (16) 





= f (a .. 
v 1J 
•ER . ·E 
E .. = E . . 
1] 
- E •. 
1] 1] 
-R • 
a .. ) (E .. -1J 1J 
·E 
·p 
E . . 
1] 
E . . -
1] 
·p 
E .. ) dV 1J 
(17) 
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The distribution of the stress differences, R (a .. lJ 
-R 
- a . . ) ' lJ 
is self-equilibrating ie. it satisfies the equilibrium 
conditions with zero external force and the strain 
. • • E 
rate d1fference, (E . . -E .. ), is kinematically 1J 1J 
admissible. Therefore by principle of virtual work, 
it can be stated that the rate of work of the 
internal force(s) is equal to the rate of work of the 
external force(s). As the external forces are zero 
in this case, while, u. 
1 
E 
- u. = 0 on part of the 
1 
surface, s 1 , (Fig. 3.1) where displacements are 
prescribed and using the following relationship 
R -R • ·E f (a. . - a . . ) (E. . - E .. ) dV = 0 
v 1J 1J 1] 1J (18) 
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Eqn* (17) 1s further reduced to 
R -R ) •p J (a. . - a. . E. . dV v 1] 1] 1] (19) 
From Eqns. (12) and (13), Eqn. (19) can be written in 
the following form 
·e S = - J (a. . - a~ . ) ~I? . dV v 1] 1] 1] (20) 
The basic idea and proposition of Melan's theroem 
rest on the assumption that the material (in this 
case soil medium) obeys Drucker's postulate which is 
given by Eqn. (4.2a) as 
(a . . - a~ . ) £:1? . > 0 1] 1] 1] 
Therefore, ~t(Se) < 0, as long as, ·p - 0 · as E:. . - ' 1] 
the elastic strain energy is always positive and can 
never be negative, and therefore a time denoted by 
the passage of N cycles, will be reached when plastic 
flow will cease ie. ~~ . = 0 implying 1] 
( 21) 
This means the residual stress field will no longer 
change with respect to time and the soil will sub-
sequently experience only elastic deformaton as the 
loads are varied cyclically. 
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A2. PROOF OF DYNAMIC SHAKEDOWN THEOREM 
In order to prove the dynamic shakedown theorem as an 
extension of Melan's quasistatic shakedown theorem, 
an additional term is added to the Eqn. (14) which is 
referred to here as the kinetic energy of the system, 






R J 1/2 (cr .. 
v lJ 
-R ER -ER 
-cr .. ) (c: .. - c: .. ) dV lJ lJ lJ 
. 




The virtual work equation for the dynamic loading 
situation can be written in the following rate form as 
f T-
S l lj_ dV - J m u i ui v 
dV = f cr .. 
v lJ 
E: •• lJ dV 
(23) 
By virtue of Eqn. (23), the drrivative of Eqn. (22) with 
respect to time is expressed as 
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A T~) . •E B~) + [ J ( T. - (u. - u. ) dS + J (B. -
l l l l l l 
s2 v 
. 
·E 0E) . •E ( U· - U·) dV - J (0 - (s - E ) dV] l l v 
(24) 
As, cER, is independent of time and the elastic 
solution, ~~, must satisy the same loading and 
constraints as given in Eqn. (3. 7), both terms inside 
the bracket are zero. Using Eqn. (7), 
·e J (0 R -R •ER J (0 0E) ( ~ •E T = - 0 ) E dV - - - E ) dV 
v v 
J (0 R -R c£ •p ·E = - 0 ) - E - E ) dV 
v 
E • ·E 
- f ( 0 - 0 ) ( E - E ) dV 
v 
Substituting -R E 0 = 0 - 0 , in Eqn. (25) gives 
•e T 
The second term is again zero by the virtual work 
equation due to the fact that, oR, is a time 
(25) 
(26) 
independent residual stress distribution and is always 




Te = - J CoR - 0R) ~P dV 
v 
(27) 
From Eqns. (12) and (13), Eqn. (27) reduces to 
. 
Te = - J (a - o 5 ) €P dV 
v 
Co - o 5 ) ~p > 0, because of Drucker's stability 
. 
(28) 
postulate and therefore, Te < 0, as long as, ~p > 0; 
the total energy is always positive and can never be 
negative, and therefore a time denoted by the passage 
of N cycles, will be reached when plastic flow will 
cease i.e. implying 
(29) 
This means the residual stress field will no longer 
change with respect to time under dynamic situation and 
the soil will subsequently experience only elastic 
deformation as the loads are varied cyclically. 
APPENDIX - B 
DERIVATION OF UNDRAINED 
ELASTIC PLASTIC CONSTITUTIVE 
MATRIX, EQN. (5.35) 
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Bl. DERIVATION OF EQN. (5.35) 
Using Eqn. (3.38h), Eqn. (5.26) and Eqn. (5.31), the term in the denominator 
in Eqn. (5.35) is expressed for elastic-perfectly plastic material (H = 0) as 
[L] ~ S .. J T
= Loii + zFz A+2t-t 0 
A+ Zll 0 
A+ 211 0 
0 0 0 
~ + s s s TT = X a + _y_· - a + z xy 2fi'z 2{J; 2~ ~ 
r s. · l 








. .. ( 1) 
s 
X a + 
z/Jz 
s 
a + _y__ 
zJY;_ 
s 













+ (a+ ~) 
2 J2 
s 
+ ZA{(a+ ~) (a+[;-;) 
2 J2 2 J2 
+ (a+ ~) 
2 J2 
s s T 2 
+ (a+ Y ) (a+ ~)} 
2JJ'z 2 J 2 
+ 1-LC ~)] 
yJ2 
S 2+S 2+S 2 
= [(A+Z)l) {3a 2 + ~ (S +S +S ) + x Y z } 
2 J 2 • X y z 4J 2 
T 2 
+ 2A {3 2 l (S S +S S +S S )} + 1-1 xy ] 
a +4J 2 x y y z z x J 2 
L = [(A 2) (3 2 ) A {S 2+S 2+S 2 + Z(S S +S S +S S )} 
+ ]J a + 4J 2 X y Z X y y Z Z X 
= . . . ( 2) 
The each term of the numerator in Eqn. (5.35) is derived 
as follows 
a£ s 





___L + X r2 = = a a a 
2Fz y (3) . . . 
a£ s y a + z r3 = aaz = 2[J;_ 
a£ T 
and r4 = l xy a-r ~ xy 
284 
Using the above relationships, Eqn. (5.35) 
[DEpJ 
= [D ] -
[ Dsd] f;t} ::yr [ DsJ 





0 0 0 ].1 
0 
0 0 0 ].1 
is expressed as 
rl rl rz r3 r4] A+2 ].1 





























X • X X X 
31 32 33 34 





0 0 0 
. . . ( 6) 
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y44 = 11X44 . . . (7) 
and xll = [(A.+Zll)r 1 
2 
+ A.r1r2 + A.r 1r 3 ] 
xl2 [(A.+21J)r 1r 2 A.rz 
2 
>..r2r3] = + + 
[(A.+21J)r 1r 3 
2 
xl3 = + >..r2r3 + >..r3 ] 
xl4 = [(A.+21J)r 1r 4 + >..r 2r 4 + >..r3r4] 
x21 [>.. r 1 
2 (>..+21J)r 1r 2 + >..r1r3] = + 
[A.r1r2 + C>..+21J)r 2 
2 
A.rzr3] Xzz = + 
[>..r1r3 (A.+Zll)r 2r 3 
2 
x23 = + + A.r3 ] 
Xz4 = [A. r 1 r 4 + (A.+21J)r 2r 4 + >..r3r4] 
[>.. rl 2 (>..+21J)r 3r 1 ] x31 = + >..r2rl + 
x32 = [A. r 1 r 2 + A. r 2 
2 + (>..+2ll)r 3r 2 ] 
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. . . ( 8) 
Typical term in Eqn. (6) is expressed as follows: 
s s s 
= [ (A+ 211) (a + x ) + A (a + y ) + A (a + z ) ] 
zPz 2JJ; 2jJ~ 
= [3Aa + A (S +S +S) + 211a + 211 (S )] 2 2 ~J~ X y Z 2g X 
= [ 3A a + 2ll a + ____1!_ S ] 2 gx 
= [a ( 3A + 2ll ) + _g_ S ] 2 p;x 
2 
= A [A r 1 + (A + 2ll ) r 1 r 2 + A r 1 r 3 ] + ( A + 2ll ) [ A r 1 r 2 
2 
= [ ( A + 2ll ) r 2 + A r 1 + A r 3 ] 
. . . ( 9) 
s s s 
= [ (A+ 2ll ) (a + y ) + A (a + x ) + A.( a + z ) ] 2 
2p-'2 2Pz 2~ 
= [ a ( 3A + 2ll ) + ll S ] 2 
{J~ y . . . ( 10) 
Y 14 = [ (A + 2ll ) r 1 r 4 + A r 2 r 4 + A r 3 r 4 ] 
= 
s s s 
= {lJA[(a + X ) + (a + y ) + (a + _z_) 
2JJ'z 2~ 2F'z 
2 s 'L (a + X ) } xy + 2ll 
2 .[J2 g 
2 2 s Txy 
-
[ 3l..LA. a + Zll a + l..l 2__] ~ JT'z 
2 89 
s 
= [ a ( 3A + 211 ) + 11 __2S_ ] 
fJ'z 
sv] 11 Txy 
= [ a ( 3A + 211 ) + lJ -L-Pz.JJ; 
2 
+ 2A [ r 1 r 2 ] 
2 
= [ (A + 2)-1 ) r 3 + A r 2 + A r 1 ] 
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. . . ( 11) 
. . . ( 12) 
s s s 
= [ (A+ 211) (a + z ) + A (a + y ) + A (a + x ) ] 2 2F2 2Fz 2Fz 
. . . ( 13) 
y 34 = llX34 
[All [r 1+r 2+r 3 ] 211 
2 
r3]r4 = + 
s llTxy 
= [a ( 3A + 211) + ll _z_] E33 E12 g fJ; . . . ( 14) 
= (llr ) = 11 _x_ = E 2 ( T  )2 2 4 . ~ 12 . . . ( 15) 
Similarly the terms Y12 , Y13 and Y23 are derived as 
follows: 
291 
Putting S = - (S +S ) on~ obtains Z X y 
2 1 2 2 
+ 2~A[3a + ~ (-S -S -S S )] 2 X y X y 
s 2 aS s 2 aS 
+ 2~A [a 2 + X X + a 2 y + _____l_] 4J 2 + g + 4J2 Fz 
2 2~Ar 1 r 2 + 4~ r 1r 2 + 
3a(S +S ) S S 
= (3aA) 2 + 2~A[6a 2 + x Y ] + 4~ 2 (a + x ) (a + Y ) 2Fz 2Pz 2/Tz 
2 2 2 s s 
= a [3A+2~) + ~ (3A+ 2~) (S +S ) + ~ x Y Fz X y J2 
~s ~s 
= [a(3A+2~) + ~] [a(3A+2~) + _____l_] = E11 E12 ... (16) 
v J 2 f.i'z 
Following the derivation for Y12 , it can be shown 
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and finally 
E22 E33 ... (18) 
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APPENDIX - C 
DESCRIPTION OF COMPUTER PROGRAM' OPFA' 
The element library at present consists of a four 
noded isoparametric quadrilateral element 
(Zienkiewiez, 1971) specified in the plane of 
analysis (r - z, or y- z plane). The computer 
programme has features viz dynamic storage, 
automatic core size adjustment, element and nodal 
point generation, an equation block solver and a 
variety of output options. 
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The following steps describe in general the procedure 
normally adopted in a two-dimensional soil-structure 
interaction analysis with the programme OPFA: 
Step l Read general information such as title, 
number of elements, number of nodal points 
etc; 
Step 2 Read input data such as nodal point and 
element data, material properties for 
constitutive modelling and boundary 
conditions; 
Step 3 Read input data for the forcing function 
(time history of loading) and transfer these 
data to create global load vector in time 
domain; 
Step 4 Form total mass matrix; 
Step 5 Form total stiffness matrix for either 
undrained or drained condition; 
Step 6 Form total damping matrix which includes 
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the usual damping matrix for the solid part 
and dissipation matrix for the fluid flow; 
Step 7 Solve the system of equations of motion, 
linear or non-linear in the time domain. 
Based on the input information as provided 
for the cdnstitutive modelling of the soil 
beneath the foundation, the programme OPFA 
branches to different subsections. 
For a linear elastic analysis, the global 
stiffness matrix for static or dynamic 
analysis is formed only once and the infor-
mation regarding responses are passed to 
Step 8. 
For equivalent linear analysis, the 
effective shear strains are computed for 
each element and based on these shear strain 
amplitudes, strain-compatible soil properties 
such as shear moduli and damping ratios are 
determined. These values are compared with 
the initial properties as used in the analy-
sis and steps 4, 5, 6, 7 are repeated with 
new properties if required. Once the desired 
convergence is achieved, response information 
such as displacements are passed to Step 8. 
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For an incremental nonlinear analysis, the 
global stiffness matrix is updated at each 
time step based on the stress-state of each 
element. If any element has yielded while 
using a particular failure model, an elastic-
plastic constitutive matrix is assigned to 
that element. However, elements which have 
not yielded, are assigned the usual elastic 
constitutive matrices. During each time or 
load step increment, an iterative approach 
in combination with the well known modified 
Newton-Raphson (~rnR) technique is used with 
the total applied load subdivided into a 
finite number of load increments. For a 
dynamic analysis this means the evaluation 
of the effective load vector at each time 
step. 
For each load/time increment, the incremental 
deflection is determined using the modified 
Newton-Raphson technique. If the solution 
at the start of a load increment is known, 
the tangent stiffness matrix at that point 
can be computed and used to obtain an initial 
linear estimate of the deflection at the end 
of the increment. However, since the load-
deflection or stress-strain curve of the 
Step 8 
material is nonlinear, the actual load the 
system can support at this deflection is 
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less than the applied load and thus a load 
unbalance exists at the end of the first 
iteration. The unbalanced loads are applied 
to the system and a revised estimate of the 
incremental deflection is determined using 
the same tangent stiffness matrix evaluated 
at the previous point. Once the desired 
convergence is achieved, response information 
such as displacements are passed to Step 8. 
In the shakedown analysis an elastic analysis 
is first carried out for all possible load 
combinations and initial elastic limit loads 
are determined for various loading combina-
tions. Next the global compatibility matrix, 
and constitutive matrix are formed in order 
to solve the mathematical optimization 
problem. The result obtained provides the 
shakedown load factor. 
Compute the final stress response from the 
converged displacement using stress-displace-
ment matrix. 
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The detailed description regarding the 
internal structure of the programme OPFA and 
an user's guide with detailed comments on 
input data are given in the following 
sections of the Appendix. 
The programme OPFA is written in FORTRAN IV 
language and was originally developed on the 
IBM-370/158 computer at the Memorial 
University of Newfoundland, St. John's, 
Canada. 
C.Z OPERATIONAL MODES 
Basically the programme OPFA can be used in five 
different modes of operation. These modes are 
controlled by a parameter (variable) called 'NDYN'. 
Depending on the value 'NDYN' as input by the user, 
the particular type of analysis mode will be 
selected for the entire problem. These modes are 
described below: 
a) NDYN. EQ.l -
b) NDYN. EQ.3 -
c) NDYN. EQ.4 -
d) NDYN. EQ.S -
Dynamic analysis with time history 
of loading function only (e.g. 
wave loading or any other type of 
loading) 
Calculation of eigenvalues and 
eigenvetors only ie. eigenvalue 
analysis 
Static analysis only 
Transient phenomenon only e.g. 
consolidation problem 
The material modelling is primarily controlled by a 
parameter called 'KKS'. The following sets of value 
for 'KKS' can be used in order to handle a specific 
type of material model. Table Cl presents the 
various combinations of material modellings (e.g. 
elastic, equivalent linear, elastic-plastic and 
piecewise linear) ~hat can be used with different 
modes of analyses. 
a) KKS. EQ.l - Linear elastic analysis (constant 
soil properties) 
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b) KKS. EQ.2 - Equivalent linear soil model with 
strain compatible soil properties 
(e.g. variable stiffness and damping) 
c) KKS. EQ.3 - Nonlinear soil model with 
incremental elastic-plastic analysis 
d) KKS. EQ.4 - Shakedown analysis with piecewise 
linearized yield surface for soil; 
linear programming technique 
C.3 SUBPROGRAMMES 
The programme OPFA consists of a main programme and 
61 subroutines. The flow chart of OPFA is shown in 
Fig. Cl, and the calling sequences of the different 
subroutines are given in Table C2. This table also 
describes which subroutines control the 'READ' 
and/or 'WRITE' operation of the twenty-one (21) 
logical tape devices used as temporary storage files 
and the two physical tapes (or mass storage files) 
used for input and output of data. The main 
programme and 9 other major subroutines control the 




NDYN = 1 
Mode 3 
NDYN = 3 
Mode 4 
NDYN = 4 
Mode 5 
NDYN = 5 



















- Linear (KKS = 1) 
- Equivalent linear (KKS = 2) 
- Incremental analysis (KKS = 
3) with nonlinear soil model 
- Shakedown analysis with 
piecewise linearized yield 
surface for soil (KKS = 4) 
- Linear soil model 
(KKS = 1) 
- Eqivalent linear Soil model 
(KKS = 2) 
Linear (KKS = 1) 
- Incremental analysis (KKS = 
3) with nonlinear soil model 
- Shakedown analysis with 
piecewise linearized yield 
surface for soil (KKS = 4) 
- Linear (KKS = 1) 
Incremental analysis with 
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FIG. Cl - FLOW DIAGRAM FOR OPFA. (CONT'D.) 
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TABLE CZ - CALLING SEQUENCE FOR SUBROUTINES 
AND TAPES IN PROGRAM OPFA 
ROUTINE ROUTINE 
ROUTINE CALLS ROUTINE CALLED WRITES READS 
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BY ON TAPE FROM TAPE 
IELPAL & ELPAL STSTN 
t 
I DRUCK & DRUCK STSTN 





ELSTIF 14 14 
ELSTIF 
ELSTIF 
























TABLE CZ - CALLING SEQUENCE FOR SUBROUTINES 
AND TAPES IN PROGRAM OPFA (CONT'D) 
ROUTINE ROUTINE 
ROUTINE CALLS ROUTINE CALLED WRITES READS 
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TABLE C2 - CALLING SEQUENCE FOR SUBROUTINES 
AND TAPES IN PROGRAM OPFA (CONT'D) 
ROUTINE ROUTINE 
ROUTINE CALLS ROUTINE CALLED WRITES READS 
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ASSEMB SOLVl, SOLV2 55 55, 57, 
& SOLV3 18 
CHECK INFMTX 






BANDET MODES 8 9, 4, 
ESFMTX 















TABLE C2 - CALLING SEQUENCE FOR SUBROUTINES 
AND TAPES IN PROGRAM OPFA (CONT'D) 
ROUTINE ROUTINE 
ROUTINE CALLS ROUTINE CALLED WRITES READS 
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BY ON TAPE FROM TAPE 
SOLEIG & MAIN 61, 4, 51, 22, 
ESFDMX 9, 13 61, 
. 
REDVK SOLV3 
MODES & PRINTD SLD 14 14 
REDVK SOLV1 ~ 
REDVK SOLV2 
INIT, CONST, MAIN 
YLDLIN, SOLV1, 
SOLV2 & SOLV3 





























TABLE C2 - CALLING SEQUENCE FOR SUBROUTINES 
AND TAPES IN PROGRAM OPFA (CONT'D) 
ROUTINE ROUTINE 
ROUTINE CALLS ROUTINE CALLED WRITES READS 
BY ON TAPE FROM TAPE 
CURVS2 MAIN 22 51,22 
' 
YLDMX, STSTN, OUT 18, 57 10, 11' 
ITRSLD 17, 22, 
so 














C.3.1 PROGRAM CONTROL 
The principal subroutines are detailed in this 
section and a brief description of the remaining 
subroutines are given in Table C3. 
The programme OPFA'calls the main subroutines 
INPUTJ, ELEMT, STRCOM, SLD, KSTAR, SOLVED, YLDCHK, 
SHAKE and STRAIN. 
The subroutine INPUTJ reads or generates the input 
data for nodal point coordinates and boundary 
conditions. For each node the maximum number of 
allowable displacement boundary conditions that can 
be prescribed is four i.e. two degrees of freedom 
(D.O.F.) for solid and two degrees of freedom 
(D.O.F.) for fluid with respect to solid. These 
boundary conditions are created by means of a two 
dimensional array called the nodal connectivity 
array or ID-array. Based on the active degrees of 
freedom for each node, the total number of equations 
for the entire problem is created in this routine. 
This routine returns with the information on nodal 
point coordinates, degrees of freedom array 
(ID-array) and the total number of equations. 
The subroutine ELEMT via ELSTIF reads the element 
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information such as nodal connection, material 
constitutive properties such as bulk modulus, shear 
modulus, porosity, permeability, fluid bulk modulus, 
densities of bulk solid and fluid, damping informa-
tion etc. Based on these properties, this subroutine 
computes and stores on low speed tapes the following 
• 
sets of information for each element. 
a) element mass matrix (only lumped masses) 
b) element stiffness matrix including solid, fluid 
and the solid-fluid coupling submatrices 
c) element damping matrix including the dissipation 
matrix defined as the function of the permeabil-
ity of the soil medium 
d) element stress-displacement matrix 
The subroutine STRCOM reads all material properties 
information related to the equivalent linear soil 
model for a dynamic finite element analysis. The 
equivalent linear soil model is primarily based on 
strain compatible soil properties and this routine 
reads these properties such as maximum shear moduli, 
maximum damping ratios, initial shear moduli, 
poisson's ratios etc. 
The subroutine SLD formulates the solid mass and 
stiffness matrices either for an equivalent linear 
analysis or for a shakedown analysis assuming an 
undrained or drained condition. In the equivalent 
linear soil model, the fundamental frequency is 
computed based on the global mass and stiffness 
matrices. Using this frequency, Rayleigh damping 
coefficents are evaluated for each element and thus 
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damping matrices for the entire finite element model 
can be evaluated. • For shakedown analysis, this 
subroutine returns the global assembled stiffness 
matrix for the two-phase medium either in the 
undrained or/drained condition as specified. 
The subroutine KSTAR assembles all matrices such as 
mass, stiffness, damping and load vector computed 
for each element by imposing the prescribed boundary 
condition. These matrices are read from a low speed 
storage tape. The solution is normally sought by 
in-core method and as such these are stored on a low 
speed storage tape. This routine also returns the 
A 
decomposed effective assembled stiffness matrix [K] 
using a standard tridiagonal factorization (LDLT) 
method. In the incremental nonlinear analysis, the 
stiffness matrix needs to be updated at every time 
or load step increment and therefore this routine 
will be called and updated 'NCYCL' number of times 
where 'NCYCL' represents the total number of time or 
load increment steps. However, for other types of 
analyses, such as elastic, equivalent linear or 
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shakdeown, the global stiffness matrix is constant 
over the entire time duration of the loading period 
and therefore needs no updating. 
The subroutine SOLVED initializes all variables 
necessary for the solution of the equations of 
motion. It also sets up all constants required for 
the step-by-step integration scheme. 
For linear analysis ie. 'KKS = 1', the equations of 
motion are solved and the stresses and strains are 
computed from the nodal displacement vector either 
for a single time step (NDYN = 4) or for the entire 
time history (NDYN = 1). 
For equivalent linear analysis ie. 'KKS = 2', the 
equations of motion are solved in the time domain 
and the strain history for each element is determined 
from the nodal displacement vector. 
For incremental nonlinear analysis, ie. 'KKS = 3', 
the equations of motion are solved in an iterative 
manner and element strains and stresses are deter-
mined from the converged nodal displacement vector 
obtained from the last iteration. 
For shakedown analysis i.e. 'KKS = 4', the linear 
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elastic analysis is performed first in order to 
determine the initial elastic limit load. This is 
done fo all possible combination of loadings. The 
global compatibility matrix is then formed in order 
to solve the mathematical optimization problem. 
C.4 TAPES 
The programme OPFA uses a total of 21 tapes, as 
shown in Table C4. The two physical tapes, #5 and 
#6 are used to read input data from, and/or write 
output data on magnetic tapes or mass storage 
files. The twenty-one (21) logical tape devices 
i.e. tapes 1 to 4, 8 to 14, 17, 18, 21, 22, 50, 51, 
55, 57, 60 and 61 are used for low speed storage of 
temporary data during the execution mode of the 
programme. The content of these tapes is described 
in Table C4. As described previously, Table C2 
indicates which subroutines control the 'READ' 
and/or 'WRITE' operations of all tapes used with the 
exception of tapes 5, 6 and 7. These three tapes 
are input and output files which represent a card 














TABLE C3 - BRIEF DESCRIPTION OF SUBROUTINES 
IN PROGRAM OPFA 
DESCRIPTION OF OPERATION 
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computes global assembled compatibility and 
constitutive matrices for the shakedown 
analysis. 
• 
assembles and forms the global residual load 
vector for incremental nonlinear analysis. 
extracts the first eigenvalue of the system. 
computes the global residual force vector 
for the system. 
computes the strain-displacement relation -
ship at each gauss point. 
computes the constants for numerical time 
step integration. 
computes the elasticity constants of the 
constitutive matrix for each element under 
drained and/or undrained condition. 
computes the reduction factor for shear 
modulus and damping ratio for each element 
based on the maximum shear strain evaluated 
from the strain history. 
performs the equilibrium iteration at each 
load or time step. 
computes incremental strain and stress; 
checks the DRUCKER-PRAGER yield condition 
and forms the elastic or elastic-plastic 
constitutive matrix depending on the stress 
state of the particular element at the 












TABLE C3 - BRIEF DESCRIPTION OF SUBROUTINES 
IN PROGRAM OPFA (CONT'D) 
DESCRIPTION OF OPERATION 
for description see Section C.3. 
computes incremental strain and stress; 
• 
checks the Von Mises yield condition and 
forms at each time and/or load step, the 
elastic or elastic-plastic constitutive 
matrix for each element depending on the 
stress state of the particular element. 
initializes all variables related to the 
formulation of the element matrices. 
"~ 
reads all necessary information related to 
each element, eg. element nodal connectivity 
material properties, etc. 
computes element mass matrices (solid and 
fluid), stiffness matrices (solid, fluid and 
solid-fluid coupling) and damping matrices 
(solid and fluid). 
organizes the storage locations for all 
variables related to the elastic-plastic 
analysis based on Von Mises yield condition. 
organizes the storage locations for all 
variables related to the elastic-plastic 
analysis based on Drucker-Prager yield 
condition. 
checks the overall equilibrium at each 
load/time step. 















TABLE C3 - BRIEF DESCRIPTION OF SUBROUTINES 
IN PROGRAM OPFA (CONT'D) 
DESCRIPTION OF OPERATION 
computes element submatrices such as mass, 
damping and stiffness with respect to solid 
and fluid part. 
initializes all variables before assigning 
them to I DRUCK I • 
initialize all variables before assigning 
them to 'ELPAL'. 
sets up the 'tableau' based on dual problem 
and finds the shakedown load factor by 
calling a standard linear programming 
routine (ZX3LP). 
initializes all variables before assigning 
them to the relevant routines for the 
solution of the equations of motion. 
reads all nodal point data such as node 
number, degrees of freedom and coordinates. 
inverts a full matrix of size (NEQ X NEQ) . 
computes the nodal residual load on each 
element based on the stresses evaluated at 
each gauss point. 
for description see Section C.3.1. 
computes residual load vector (nodal) for 
each element based on the stress states at 
each gauss point. This routine is required 















TABLE C3 - BRIEF DESCRIPTION OF SUBROUTINES 
IN PROGRAMME OPFA (CONT'D) 
DESCRIPTION OF OPERATION 
reads time histories of surface loading and 
transfers these loadings to global force 
vector in time domain. 
. 
reads time histories of concentrated loads 
and transfers these loadings to global force 
vector in time domain. 
for description see Section C.3.1. 
,, 
computes the elasticity constants for 
equivalent linear analysis. 
reallocate the elastic-plastic constitutive 
matrix for subsequent iteration. 
reallocate the stress vector for elastic-
plastic analysis. 
organizes the storage allocations for the 
eigenvalue analysis. 
computes the incremental stress-strain 
relationship using the Von Mises yield 
condition. 
computes the incremental stress-strain 
relationship using the Drucker-Prager 
yield condition. 
prints the eigenvalues and eigenvectors. 
reads the material properties such as 
hardening, yield strength, cohesion, and 














TABLE C3 - BRIEF DESCRIPTION OF SUBROUTINES 
IN PROGRAMME OPFA (CONT'D) 
DESCRIPTION OF OPERATION 
stores the stress computed at each gauss 
point in an array form. 
t 
prints all displacements, velocities, 
acceleration and also creates a punch file 
to save these data for subsequent plotting. 
computes permanent inelastic strains and 
prints them. 
<t 
performs the solution of the equilibrium 
equations after reading the decomposed 
stiffness matrix from the tape. 
performs the multiplication of a matrix by 
vector. 
computes the element undrained stiffness 




computes the eigenvalues and eigenvectors of 
a banded matrix by the determinant search 
solution. 
for description see Section C.3.1. 
for description see Section C.3.1. 
solves the dynamic equilibrium equations of 















TABLE C3 - BRIEF DESCRIPTION OF SUBROUTINES 
IN PROGRAMME OPFA (CONT'D) 
DESCRIPTION OF OPERATION 
reads the data required for an eigenvalue 
analysis. 
• 
solves the static equilibrium equations at 
a particular time and/or load step. 
solves the transient static equilibrium 




for description see Section C.3.1. 
solves the static problem. 
solves the time dependent quasi-static 
problem. 
solves the dynamic problem. 
computes the stress-displacement matrix and 
condenses the element stiffness matrix for 
incompatible nodes. 
converts the banded stiffness matrix to a 
full matrix before assigning it to 'INSYMA' . 
for description see Section C.3.1. 
for description see Section C.3.1. 















TABLE C3 - BRIEF DESCRIPTION OF SUBROUTINES 
IN PROGRAMME OPFA (CONT'D) 
DESCRIPTION OF OPERATION 
calls two key routines 'ELT2D6' and 'ELT2D7'. 
solves a set •of simultaneous equations. 
decomposes the banded effective stiffness 
matrix. 
initializes the variables before assigning 
them to routine 'YLDMX' . 
\) 
computes gradients of the piecewise 
linearized yield planes for each material 
type and writes the coefficients of the 
gradient matrices on a tape. 
computes the elastic limit load for each 
load case. 
computes the maximum stress responses of 
each element normalized with respect to each 
yield plane. 
computes the normal strain components from 
stresses for each element. 
computes the vector of a matrix. 
solves the linear programming problem using 











TABLE C4 - DESCRIPTION OF TAPES 
IN PROGRAMME 'OPFA' 
DESCRIPTION OF CONTENT 
auxiliary tapes used at the time of 
eigenvalue analysis or at the time of 
the solution of equations of motion. 
contains all control information 
regarding eigenvalue solution. 
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contains all information regarding the 
factorized decomposed global stiffness 
matrix for the entire problem. 
contains the assembled global stiffness 
matrix in banded form. 
contains all information regarding 
eigenvectors in the event an eigenvalue 
analysis is required; However, the same 
file is also used in the decomposition 
of the stiffness matrix for the 
solution of system of linear or 
nonlinear equations of motion. In the 
later case, the tape is primarily used 
as an auxiliary one. 
contains the assembled global mass 
matrix. 
contains information on given starting 
iteration vectors for an eighenvalue 
analysis; However, the same tape unit 
is also used to store the coefficients 
of the gradients of the piecewise 
linearized yield planes if a shakedown 
analysis is requested. 
contains information on element 









TABLE C4 - DESCRIPTION OF TAPES 
IN PROGRAMME 'OPFA' (CONT'D.) 
DESCRIPTION OF CONTENT 
and fluid parts, element connectivity 
array, elastic material properties, 
gauss point coordinates, and volume 
related to each gauss point. 
contains information on load vectors in 
the event an equivalent linear analysis 
is carried out. In the first iteration 
the load vectors are formed once and 
written on this tape for use in 
subsequent iteration. 
contains information on element 
matrices related to connectivity 
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arrays, solid-fluid coupling matrices 
including solid and fluid stiffness 
matrices, solid and fluid mass matrices, 
damping matrices respectively. 
contains all input data regarding 
element types, element nodal numbering, 
material types, element material 
properties such as Lame's constants, 
poisson's ratio, etc. 
contains matrices of coefficients of 
elastic contants for all elements under 
drained condition. 
contains the information on stresses 
for selected element groups for contour 
plotting. 
contains the nodal load vector computed 
for each element based on the stress 
state at each gauss point. 









TABLE C4 - DESCRIPTION OF TAPES 
IN PROGRAMME 'OPFA' (CONT'D.) 
DESCRIPTION OF CONTENT 
moduli, maximum damping ratios, and 
shear moduli values used for all 
elements. This tape is required for an 
equivalent linear soil model with the 
dynamic. analysis option. 
contains matrices of coefficients of 
elastic constants for all elements 
under the undrained condition. This 
tape is required in the event a 
shakedown analysis is performed. 
contains element connectivity arrays, 
element stiffness matrices (solid and 
fluid) and mass matrices (solid and 
fluid); it also contains element 
undrained stiffness matrices, fluid 
stiffness matrices and coupling 
solid-fluid matrices, etc. 
contains information on displacement, 
velocities and acceleration for selected 
nodal points at selected time steps. 
These data are later used for plotting 
purposes. 
contain information on stresses, and 
strains on selected elements at 
specified time-steps. These data are 
later processed for plotting purposes. 
contains global stiffness matrix for 
equilibrium check. 
contains information regarding element 
matrices and properties, volume, 
densities and solid, fluid stiffness 
matrices including coupling terms; The 
tape is required in the event KKS = 2 
ie. equivalent linear soil model. 
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C.S COMMENTS ON PROGRAMME CAPACITY DYNAMIC STORAGE AND 
RUN TIME 
The programme OPFA has been developed on an IBM 370 
computer using FORTRAN IV language. During the 
execution mode of any problem, the core requirement 
is determined as a function of the following 









Total number of nodal points; 
Total number of elements; 
Total number of material types; 
Number of parameters required 
to describe a particular soil 
model for incremental analysis. 
Number defining the storage 
requirements for each element 
stress-strain information 
together with the yield 
condition. (whether elastic or 
plastic). For KKS = 3, IDWA 
will vary from 10 to ll 
depending on the material model; 
Number of equations in the 
finite element model; 
Half-band width; 





LL Number of maximum surface load 
cards used for all load cases; 
NNYP Number of elements * number of 
yield planes; 
NNSC Number of elements * number of 
, stress components; 
NLC Number of load cases; 
NYP Number of yield planes; 
NSC Number of stress components. 
The length of the dynamic storage array depends on 
the amount of data to be stored at different stages 
of the execution and hence will vary during a run. 
In order to account for this variation and to 
minimize the dynamic storage space required, the 
programme has been developed with a special 
feature. This feature allows the expansion or 
contractions of the core size required in 
accordance with the length of the blank common 
array, n, during the different execution steps. 
C.S.l High Speed Storage Requirements: 
The high speed storage requirements of the programme 
can be changed depending on the size of the problem 
to be solved. This is done by changing the two 
FORTRAN statements at the beginning of the OPFA 
programme ie. 
COMMON D(n) 
MTOT = n 
The minimum value of n needed is computed as 
follows except for the shakedown analysis which is 
controlled by the parameter KKS. EQ.4 as described 
previously. For the shakedown analysis using the 
linear programming technique, OPFA requires a 
larger size of storage allocation even for a very 
small/moderate size problem. However, for all 
other types of analysis e.g. linear, equivalent 
linear and incremental nonlinear analysis, the 
storage requirement is controlled by the few 
internal parameters e.g. Nl, NS, NKlS, NOll, NNlS, 
NN17 and N43. The value of Nl is set as 1 at the 
beginning of the programme and the value of 'n' is 
determined from the parameter N43 ie. setting n 
equal to N43. The following key equations describe 
the determination of the internal parameters as 
listed above: 
Nl = 1 
NS = Nl + 8 * NUMNP 
NKlS = NS + 11 * NUMMAT + NUMEL + NCON * 
NUMMAT + IDWA * NUMEL 
NOll = NKlS + 3 * NEQ * MBAND + 3 * NEQ + 2 
* NEQ * MBAND 
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NNlS = NOll + (3 * NEQ + MBAND - 1) + 9 * 
NUMMAT 
NN17 = NNlS + 1 + NEQ * MAXO (MBAND, NF + 3) 
+ 16 * NEQ + 4 * (NF + 3) + 3 * NF + 
2 * NUMNP 
N43 = (NN17 or NNlS) + 3 * NEQ + 8 * NUMNP 
(or NEQ) + 12 * NEQ + 2 * NACL + 18 * 
NUMEL + 10 * NUMNP + 4 * 2 * LL * 2 + 
2 * NNYP + NNSC * NNYP + NLC + NYP + 
NYP * NYP 
If the value of 'n' is set less than the required 
value as determined by N43, an error message is 
printed and programme execution is terminated 
indicating the particular value of the internal 
parameter and the name of the particular subroutine 
at termination. 
APPENDIX - D 
INPUT DATA TO 'OPFA' 
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Description of Input 
Read heading infor-
mation to be printed 
with the output 
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(l) Begin each new data case with a new heading 
card. 
II. MASTER CONTROL CARD (9I5) 
Notes Columns Variable Description of Input 
(1) 1-5 NUMNP Total number of nodal 
points 
(2) 6-10 NUMEL Total number of elements 
(3) 11-15 NDYN Analysis type code; 




EQ.4; Static analysis 
EQ.5; Quasi-static 
transient analysis 
(4) 16-20 IPLNAX EQ.-1; Plane stress model 
EQ.O; Plane strain model 











31-35 MODE X 
36-40 NAD 
41-45 NGAMA 
Description of Input 
GE.l; Maximum number of 
surface load 
cards for the 
entire problem 
Number of frequencies to 
be found in the 
eigenvalue analysis 
EQ.O; Static analysis 
GE.l; Dynamic analysis 
EQ.O; No data check 
EQ.O; Superstructure 
not included in 
the analysis 
EQ.l; Superstructure 
included in the 
analysis 
EQ.O; Body force not 
included 
(1) Total number of nodal points; Nodal points are 
numbered sequentially from '1' to 'NUMNP'. 
For comments on nodal points data generation 
see section VIII. 
(2) Total number of elements; Elements are 
numbered sequentially from '1' to "NUMEL'. 
For comments on element data generation see 
section XI. 
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II. MASTER CONTROL CARD - CONT'D 
NOTES/ - CONT'D 
(3) If NDYN. EQ.l the programme performs a forced 
dynamic response analysis. 
If NDYN. EQ.3 the programme performs an 
eigenvalue analysis only and returns with the 
eigenvalues and eigenvectors. 
If NDYN. EQ.4 the programme performs a static 
analysis only. 
(4) The variable 'IPLNAX' controls the type of two 
dimensional modelling which has to be selected 
for a particular problem. 
(5) At least one (1) surface load card (LL.GE.l) 
is required whether or not the user inputs the 
surface pressure loading. For details see 
section XXII and XXIII. 
(6) In the event of an equivalent linear analysis 
using 'KKS' = 2, (see next section for 
reference), NF should be greater than or equal 
to 1. This is required only when a dynamic 
equivalent linear analysis with strain 
compatible soil properties is carried out. 
However, for NDYN. EQ.3 (eigenvalue analysis 
only), NF shall also be greater than or equal 
to 1. 
(8) If NAD. EQ.O, no superstructure/foundation is 
included in the analysis i.e. load is applied 
directly to the soil. However, by setting 
NAD.NE.O a superstructure such as a concrete 
structure may be included in the analysis. 
(9) 'NGAMA' EQ.O represents soil overburden 
pressure i.e. body force has not been included 
in the analysis. 
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Description of Input 










(1) Every ISTRPR-th time point responses such as 
stresses, strains at each element will be 
printed and also saved for plotting purpose. 
(2) Every NPRINT-th time point responses such as 
displacement velocity and acceleration for each 
nodal point will be printed and saved for 
subsequent plotting. 
(3) Every ISTART-th time point, output data for 
stress/strain will be saved for contour plotting. 







Description of Input 
GE.l; Total number of time 
steps or load steps 
GT.O; Solution time step 
for numerical 
integration, 
IV MASTER CONTROL CARD - CONT'D 
Notes Columns Variable 
(3) 16-20 KKS 
(4) 21-30 FA 
(5) 31-35 NDRN 
(6) 36-40 NCON 
(7) 41-45 IDW 
Description of Input 
EQ.l; Elastic analysis 









plastic soil model 





( va 1 ue of 'g' ) 




NCON = 2; Required only 
if KKS = 3. Otherwise 
set NCON = 1 
IDW = 10 or 11 depending 
on the parameter 'Model' 
as described below. 
Required only if KKS = 
3; otherwise set IDW = 1 
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Description of Input 
EQ.l; Von Mises (IDW = 
10) 
EQ.2; Drucker-Prager 
(IDW = 11) 
Required only when 
KKS = 3; otherwise 
leave blank 
Number of integration 
points; set NINT = 2 
(1) 'NCYCL' controls the toal number of time steps. 
(2) The value of 'DT' defines the time step 
increment. The programme has been written 
based on constant time steps. However, this 
may sometimes be disadvantageous when an 
analysis, 'NDYN. EQ.5 (say, consolidation 
problem), is carried out because of the large 
numbers of 'NCYCL' steps. 
(3) 'KKS' is one of the key parameters which 
controls the type of analysis to be performed 
based on a particular material model as 
selected. 
If KKS. EQ.l a linear elastic analysis will be 
performed ie. material properties will remain 
entirely constant during the analysis. 
If KKS. EQ.2, an equivalent linear analysis 
following the procedure as described by Seed 
and Idriss (1969) will be carried out. This 
procedure takes into account the variable 
damping and shear modulus for each element 
depending on its strain level. 
338 
339 
IV MASTER CONTROL CARD - CONT'D 
NOTES/ - CONT'D 
If KKS. EQ.3, an incremental nonlinear 
(elastic-plastic) analysis is performed based 
on either one of the yield models as 
selected. The two types of yield models which 
are at present available are: 1) Von Mises 
yield criteria with or without isotropic 
hardening and 2) Drucker-Prager yield criteria 
with zero hardening (elastic - perfectly 
plastic). 
If KKS. EQ.4, a shakedown analysis is 
performed using piecewise linearized yield 
model ie. modelling the quadratic yield 
function with a suitable number of yield 
planes. The linear programming technique is 
then used to evaluate the shakedown load 
factor. 
(4) Input the gravitational constant value for 
computation of the mass matrix; 
(5) The parameter 'NDRN' controls the state of the 
soil masses under the loading conditions. 
If NDRN. EQ.O, this will represent a purely 
undrained situation i.e. no movement of fluid 
with respect to solid and as such all degrees 
of freedom related to fluid are fixed. 





Description of Input 
GT.O.O; Area of the 
foundation 
(Equivalent 
model of a 
circular 
foundation) 






Columns Variable Description of Input 
11-20 WIDTH GT.O.O; Width of the 
footing used in 
plane strain 
modelling 
21-20 WEIGHT GT.O.O; Submerged weight 
of the platform 
31-40 SHEAR GT.O.O; Undrained shear 
strength of the 
soil beneath the 
foundation 
(1) In this section the equivalent area of the 
foundation is input. 
(2) Width of the eqivalent plane strain footing is 
input here. 
(3) Submerged or buoyant weight of the platform is 
input here. 
(4) Undrained soil shear strength beneath the 
foundation; As soil shear strength will vary 
over the depth, the shear strength for the top 
layer is normally input here. 





Description of Input 
GE.O; Number of nodal 












6-10 ID (N,l) 
10-15 ID (N,2) 
16-20 ID (N,3) 
21-25 ID (N,4) 
26-35 R (N) 
36-45 y (N) 
46-50 KM 
Description of Input 
X-translation boundary 
condition code for solid 
Y-translation boundary 
condition code for solid 
X-translation boundary 
condition code for fluid 
Y-translation boundary 
condition code for fluid 
X - coordinate 
Y - coordinate 
Node number increment 
(1) Nodal point data must be defined for all 
(NUMNP) nodes. Nodal point data may be input 
directly (ie. each node on its own individual 
card) or the generatin option may be used if 
applicable (see note S, below). Nodal point 
numbering should range from "1" to the total 
number of nodes 'NUMNP' sequentially. 
(2) Boundary condition codes can only have the 
following sets of assigned values describing 
the movement of the solid and fluid. 





VIII NODAL POINT DATA - CONT'D 
NOTES/ - CONT'D 
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ID(N,M) = 1/-1; Deleted 
displacement 
component 
(3) & (4) Two dimensional coordinate of a node; X or Y 
in cartesian system. 
(5) Nodal point generation parameter; always given on 
the second card of a sequence. 
IX MATERIAL CONTROL CARD (3I5) 
Notes Columns Variable 
(1) 1-5 NUMMAT 
(2) 6-10 NELYTP 
(3) 11-15 NS 
Description of Input 








Stress output option; 
EQ.O; Centroid and gauss 
points 
EQ.ZO; Midside 
X MATERIAL PROPERTIES CARD (8El0.3) 
For each material identification, two cards must be 
supplied in order to define each unique set of properties. 
X MATERIAL PROPERTIES CARD (8El0.3) - CONT'D 







61-70 DENF (N) 
71-80 FK(N) 




Description of Input 
Lame's constant - A 
(drained) 
Lames's constant - ~ 
(drained) 
Solid grain compress-
ibility - a 
Water bulk modulus - Kw 
Permeability - k 
Bulk density - p 
Water density - Pf 
Porosity - n 
Rayleigh damping 
coefficients - B1 
- do - B2 
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XI ELEMENT CARDS (5I3, 5I2, 5El0.3, F5.2) 
Notes Columns Variable 
(1) 1-3 INEL 




(3) 16-17 IMAT 
(4) 18-19 KN 
(5) 20-21 KJUMP 
( 6) 22-23 IKS 
(7) 24-25 IKF 
(9) 76-80 THICK 
Description of Input 
Element number 
Number of nodal point I 
Number of nodal point J 
Number of nodal point K 














Free movement of 
solid 
Fixed movement 





XII MATERIAL PROPERTY CARD - ELASTIC-
PLASTIC ANALYSIS (IS, 2El2.5) 
*** THIS INPUT IS REQUIRED IN THE EVENT KKS = 3; 
















Description of Input 
LE. NUMMAT; Material 
identifica-
tion number 
For MODEL = 1; Read 
'YIELD(N)' 
For MODEL = 2; Read 
'COH(N)' 
For MODEL = 1; Read 
'HARD(N)' as hardening 
parameter 
For MODEL= 2; Read 
'PHI(N)' as angle of 
internal friction 
(2) & (3) Incremental elastic-pLastic analysis can 
be carried out based on two types of 
material modelling. These are defined 
as; MODEL= 1; Von Mises yield criteria 
and MODEL= 2; Drucker-Prager yield 
criteria. Von Mises material model 
requires the yield strength and hardening 
modulus as input parameters. Hardening 
modulus, Ep, can be expressed as some 
percentage of the original linear elastic 
modulus. The actual value can be deter-
mined form an uniaxial stress/strain 
curve. However, for the Drucker-Prager 
type material model, the analysis can be 
carried out assuming the material behaves 
as an elastic-perfectly plastic manner. 
In this case, the value of Ep will be 
zero (no hardening) and the only material 
properties to be input are c '=Cohesion' 
and ·~ = angle of internal friction'. 
u 

















Description of Input 
For static analysis 
= 1.0; However, for 
dynamic analysis 
8 = 1.0; constant 
acceleration method 
or 





Required if KKS = 3; 
otherwise leave blank 
EQ.O; Output do not 
require saving 




Normally set equal to 
zero; 
However, for KKS = 3; 
NEQUIB can be set 
equal to 1 
Number of iterations 
specified within each 
time or load step; 
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XIII CONTROL CARD FOR NUMBERICAL INTEGRATION - CONT'D 
NOTES/ 
(1) For static analysis '8' is normally chosen as 
1.0, ie. equal time step or load step is 
followed. However, for dynamic analysis '8' 
could be anywhere between 1.0 to 1.4. For 8 = 
1.0, this represents constant acceleration 
method whereas '8' = 1.4, represents 'WILSON- 8' 
method. In the 'WILSON - 8' method load vector 
and stiffness matrices are constructed at an 
extended time step ie. at, t = t+T, where T = 
8~t, and equilibrium equations are solved at 
't+T' time step. The displacement, velocity, 
and acceleration at time 't+~t' are then 
computed from the corresponding values at time 
't+G~t'. For all dynamic analysis, time step 
·~t' as defined in sectin IV should be suffi-
ciently small in order to get a stable, meaning-
ful result. 
(2) Torerance value required to carry out the 
incremental elastic-plastic analysis (KKS = 3). 
If NEQUIB. EQ.O, RTOL is set equal to 0.0. 
However, when NEQUIB. EQ.l, RTOL is set equal 
to some small percentage of the load increment. 
Care and judgement should be exercised in order 
to avoid poor convergence of the results. The 
load increment or time increment should be also 
sufficiently small in order to avoid the diver-
gence of the residual load distribution with 
respect to the actual incremental load that has 
been applied on the system. 
XIV CONTROL CARD FOR LOAD CASES, LINEARIZED 







Description of Input 
GE.l; Number of load cases 
EQ.3; Number of stress 
components. Required 
only when KKS = 4; 
otherwise set as '1' 
XIV CONTROL CARD FOR LOAD CASES, LINEARIZED 







Description of Input 
Number of yield planes; 
varies from 6 to 14. 
Plane strain model NP6 
= 6 whereas plane 
stress model NP6 = 14; 
Required only when KKS 
= 4; otherwise set 
equal to '1' 
Total number of iter-
ations required in 
order to perform an 
equivalent linear 
analysis and to obtain 
strain compatible 
dynamic soil proper-
ties; Required in the 
event KKS = 2; other-
wise set "NUMBER' as 1 
XV MATERIAL PROPERTY CARD FOR EQ. LINEAR 
ANALYSIS (SX, 4El2.5) 
*** IF (KKS. NE.2) SKIP THIS SECTION *** 









Description of Input 
Maximum shear modulus 
evaluated at small 
strain 
Maximum critical 
damping ratio at small 
strain 
Shear modulus used in 
the first iteration 
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XV MATERIAL PROPERTY CARD FOR EQ. LINEAR 




Columns Variable Description of Input 
44-56 PO(N) Poisson's ratio 
• (1) Shear modulus at 10-4% strain, see Chapter 5. 
(2) Critical damping ratio at small strain (refer 
Chapter 5 and Table 5.1). 
(3) Value of shear modulus used in the first 
iteration. 
XVI CONTROL CARD TO IDENTIFY FOOTING/STRUCTURE ELEMENTS 











I = l,NOEL) 
Description of Input 




(1) Total number of footing or structural elements 
in the model 
(2) Element numbers entered sequentially in order 
to model the foundation/structure. 
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XVII CONTROL CARD FOR EIGEN VALUE ANALYSIS 
( 3 I 5 , 2F 1 0 . 0 , I 5 ) 
** IF (KKS EQ.2 or NDYN. EQ.3). THIS SECTION IS REQUIRED 







Description of Input 
Flag for printing 
intermediate matrices, 
norms, etc; calculated 
during the eigenvalue 
solution 
EQ.O; Do not print 
EQ.l; Print 
Flag for performing 
the STRUM SEQUENCE 
check 









Maximum number of 
iteration allowed to 
reach the convergence 
tolerance; 
EQ.O; default set to 
' 16' 
Convergence tolerance 
(accuracy) for the 
highest (NF) request 
eigenvalue; 
XVII CONTROL CARD FOR EIGEN VALUE ANALYSIS 







Description of Input 
Cut off frequency 
(cycles/unit time); 
EQ.O; NF eigenvalues 
will be extracted 
GT.O; Extract only 
those values 
below COF Q 
Number of starting 
iteration vectors to 
be read from tape 10 
XVIII CONTROL CARD FOR SHAKEDOWN ANALYSIS (4IS) 







Description of Input 
EQ.l; Minimize the 
objective 
function 
EQ.O; No intermediate 




XIX CONTROL CARD FOR MATERIAL PROPERTY; MATERIAL 
TYPE FOR LINEARIZER MODEL, (IS) 
** If one card is required for each set of unique 
property** 
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XIX CONTROL CARD FOR MATERIAL PROPERTY; MATERIAL 






Description of Input 
EQ.l; None for KKS = 
1' 2 & 3 
EQ.O; For KKS = 4 and 
IPLNAX = 0; 
Plane strain 
model 
(1) 'ITYPE(N)' is a parameter which controls the 
type of piecewise linearized yield model to be 
used in the shakedown analysis. 
For plane stress condition ie. IPLNAX = -1, 
only Von Mises model is available. This model 
is described by fourteen yield planes. 
However, for plane strain condition ie. IPLNAX 
= 0, three types of piecewise linearized yield 
model are available at present. These are a) 
Von Mises, b) Tresca and c) Mohr-Coulomb. 
XX CONTROL CARD - MATERIAL PROPERTIES (2El0.3) 
Notes Columns 





Description of Input 
Cohesion value 
Angle of internal 
friction value 
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K = 1, NLC) 
Description of Input 





loading as input 
Number of surface load 
cards NSLCI(K) for 
each 'K' load case. 
(where K. GE.l but 
LE.NLC) 
(1) Input data which governs whether a 
concentrated loading has to be prescribed or 
not. 
(2) Number of surface loading data cards for each 
load case; 'NSLC' = NSLC(K), K = 1, NLC, where 
'NSLC' represents number of surface loading 
cards for a particular load case and 'NLC' 
indicates total number of load cases. 
XXII CONTROL CARD FOR SCALE FACTORS WITH 





I = 1, NSLC) 
Description of Input 
Scale factor for each 
surface loading card; 
NSLC represents the 
number of surface 
loading cards for one 
load case. 
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XXII CONTROL CARD FOR SCALE FACTORS WITH 
SURFACE LOADIANG-BULK (8El0.3) - CONT'D 
NOTES/ 
(1) The surface pressures for bulk loading (as 
input in section XXV on page 358) are 
amplified by the scale factor 'SCALB(I)' for 
each surface loading data card. 
XXIII CONTROL CARD FOR SCALE FACTORS WITH 
SURFACE LOADING - FLUID (8El0.3) 








I = 1, NSLC) 
Description of Input 
Description of input 
scale factor for fluid 
loading for each 
surface loading card; 
'NSLC' represents the 
number of surface 
loading cards for one 
load case 
(1) The surface intensity pressures for fluid 
loading as input in section XXV on page 358are 
amplified by this scale factor 'SCALB(I)' for 
each surface loading data card. 
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A) TIME POINTS (8Fl0.0) 
Columns Variable 
1-10 ID(N) 
Description of Input 
First time point of 
the data entry; Read 
the data as a pair of 
two data sets; TD(l), 
& TD(2), etc. 



















Description of Input 
Node indicating 'I' 
Node indicating 'J' 
X-direction pressure 
intensity on node 'I' 
X-direction pressure 
intensity on node 'J' 
Y-direction pressure 
intensity on node 'I' 
Y-direction pressure 
intensity on node 'J' 
C) SURFACE LOAD DATA FOR FLUID PRESSURE (2I4, 4Ell.4) 
** IF (NDRN. EQ.O) SKIP THIS SECTION BELOW. ** 
Notes Columns Variable Description of Input 
1-4 ISC(L) Node indicating 'I' 
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XXIV CONTROL CARD FOR SURFACE LOADING DATA INPUT - CONT'D 



















Description of Input 
Node indicating 'J' 
X-direction surface 
pressure intensity on 
node 'I' 
X-direction surface 
pressure intensity on 
node 'J' 
Y-direction surface 
pressure intensity on 
node 'I' 
Y-direction surface 
pressure intensity on 
node 'J' 
XXIV (A) (1) Time points for the loading data; 
Input TD(l) first which represents 
the starting time point. 
(B) (1) Input the associated nodal points, I, 
on which the surface pressure is 
prescribed. 
(2) Input the associated nodal points, J, 




Input the surface pressure 
intensities for bulk load in X 
and Y directions. 
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XXIV CONTROL CARD FOR SURFACE LOADING DATA INPUT - CONT'D 
NOTES/ - CONT'D 
XXIV (C) (3),(4), 
(5),(6) 
Input the surface pressure 
intensities for fluid loading in 
X and Y directions. If NDRN. 
EQ.O (undrained/drained case), 
skip this section entirely. 
* All surface loading data cards must be input for as 
many as 'NSLC' times where 'NSLC' represents the number 
of surface loading cards for a particular load case. 
XXV CONTROL CARDS FOR CONCENTRATED LOADING DATA 
* THESE CARDS ARE REQUIRED IN THE EVENT ISLC = 0 (SEE 
SECTION XXII ON PAGE 355) 
A) HEADING CARD IDENTIFYING THE LOADING FUNCTION - (10A8) 
Notes Columns Variable Description of Input 
(1) 1-80 HED(8) Title of the loading 
function 
B) INPUT DATA DEFINING LOADED POINTS (IS) 
Notes Columns Variable Description of Input 
(1) 1-5 NUMLP Total number of loaded 
points 
NOTES/ 
XV A (1) Heading card indicating the title of 
the loading function. 
XV B (1) Total number of nodal points where the 
concentrated loads are prescribed. 
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XXVI CONTROL CARDS FOR THE HISTORIES OF LOADING 
FUNCTION (CONCENTRATED) 
* THESE FOLLOWING SETS OF CARDS i.e. CARD GROUPS (A) & 
(B) SHOULD COVER THE TOTAL DURATION OF TIME (NCYCL*DT) 















Description of Input 
Time points for the 
loading data ie. 
TD(l), TC(2) 







Variable Description of Input 
M Nodal point where the 
load is prescribed 
PDYL(N,l,M) Bulk loading in X -
direction 
PDYL(N,2,M) Bulk loading in Y -
direction 
PDYL(N,3,M) Fluid loading in X -
direction 
PDYL(N,4,M) Fluid loading in Y -
direction 
XXVI (A) (1) Time points for the loading data; 
Input TD(l) first which represents 
the starting time point. 
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XXVI CONTROL CARDS FOR THE HISTORIES OF LOADING 
FUNCTION (CONCENTRATED) - CONT'D 
NOTES/ - CONT'D 
XXVI (B) (1) Input the associated nodal point, 
sequentially for which the loads are 
to be prescribed. 
(B) (2) Input the bulk solid and fluid loads 
• 
(3) in the X and Y directions for a 
particluar node; Next repeat the 
(4) loading data for as many nodes up to 
(5) 'NUMLP' as described in section XXV 
(B) on page 358. Once the input for 
loading data is finished, repeat 
XXVI (A) for time sequences ie. 
TD(Z) and continue the data input 
until the total time duration 
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